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Chapter 1

| ntroduction and Notes

This is a (slowly) growing collection of dice-related mathatical problems, with accompanying solu-
tions. Some are simple exercises suitable for beginnerite wters require more sophisticated techniques.

Many dice problems have an advantage over some other prsl@émrobability in that they can be
investigated experimentally. This gives these types dbleras a certain helpful down-to-earth feel.

Please feel free to comment, criticize, or contribute aoioktl problems.

1.0.1 What aredice?

In the real world, dice (the plural afie) are polyhedra made of plastic, wood, ivory, or other hard
material. Each face of the die is numbered, or marked in some @0 that when the die is cast onto a
smooth, flat surface and allowed to come to rest, a particwiarber is specified.

Mathematically, we can consider a die to be a random varihlaletakes on only finitely many distinct
values.

1.0.2 Terminology

A fair die is one for which each face appears with equal likelihoddon-fair die is calledixed The
phrasestandard diewill refer to a fair, six-sided die, whose faces are numbesed through six. If not
otherwise specified, the terdie will refer to a standard die.



Chapter 2

Problems

2.1

10.
11.

Standard Dice

. On average, how many times mudi-aided die be rolled until a 6 turns up?

. On average, how many times mudi-aided die be rolled until all sides appear at least once?tWha

about for am-sided die?

. Suppose we rok dice and keep the highest one. What is the distribution afes#
. How many dice must be rolled to have at least a 95% chanc#lioiy a six?

. How many dice must be rolled to have at least a 95% chanaalioir a one and a two? What about

aone, atwo, and a three? What about a one, a two, a three, a fing and a six?

. How many dice should be rolled to maximize the probabdityolling exactly one six? two sixes?

sixes?

. What is the most probable: rolling at least one six withdite, at least two sixes with twelve dice,

or at least three sixes with eighteen dice? (This is an oldlpm, frequently connected with Isaac
Newton.)

. Suppose we rolt dice, remove all the dice that come up 1, and roll the restnadbive repeat this

process, eventually all the dice will be eliminated. How megils, on average, will we make? Show,
for instance, that on average fewer th@fiog n) throws occur.

2.2 DiceSums

. Show that the probability of rolling 14 is the same whetlierthrow 3 dice or 5 dice. Are there other

examples of this phenomenon?
Suppose we rotl dice and sum the highe3t What is the probability that the sum is 187

A die is rolled once; call the resul¥. Then N dice are rolled once and summed. What is the
distribution of the sum? What is the expected value of thesWhat is the most likely value?



12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

A die is rolled and summed repeatedly. What is the prdibatiiat the sum will ever be a given value
x?

A die is rolled once. Call the resuN. Then, the die is rolledV times, and those rolls which are
equal to or greater thalV are summed (other rolls are not summed). What is the ditivibwf the
resulting sum? What is the expected value of the sum?

2.3 Non-Standard Dice

Show that the probability of rolling doubles with a n@irf{“fixed”) die is greater than with a fair die.

Find a pair of 6-sided dice, labelled with positive irgegdifferently from the standaed dice, so that
the sum probabilites are the same as for a pair of standagd dic

Is it possible to have two non-fairsided dice, with sides numberédhroughn, with the property
that their sum probabilities are the same as for tworfasided dice?

Is it possible to have two non-fair 6-sided dice, withesistlumbered through6, with a uniform sum
probability? What about-sided dice?

Suppose that we renumber four fair 6-sided diteX, C, D) as follows: A = {0,0,4,4,4,4},B =
{1,1,1,5,5,5},C = {2,2,2,2,6,6},D = {3,3,3,3,3,3}.

(a) Find the probability that diel beats dieD; die D beats dieC; die C beats dieB; and dieB
beats dieA.

(b) Discuss.

Find every six-sided die with sides numbered from the{4e2,3,4,5,6 such that rolling the die
twice and summing the values yields all values between 2 @n@intlusive). For instance, the die
numbered 1,2,4,5,6,6 is one such die. Consider the sumlplitiea of these dice. Do any of them
give sum probabilities that are "more uniform” than the sumobabilities for a standard die? What
if we renumber two dice differently - can we get a uniform (oomm uniform than standard) sum
probability?

2.4 Gameswith Dice

Craps The game of craps is perhaps the most famous of all dice gaifles.player begin by
throwing two standard dice. If the sum of these dice is 7 ortid player wins. If the sum is 2,3 or
12, the player loses. Otherwise, the sum becomes the @agnt The player continues to roll until
either the point comes up again, in which case the player,winthe player throws 7, in which case
they lose. The natural question is: what is a player’s priibabf winning?

Non-Standard Craps We can generalize the games of craps to allow dice with othen six

sides. Suppose we use two (fairsided dice. Then we can define a game analagous to craps in the

following way. The player rolls twa:-sided dice. If the sum of these dicerist+ 1 or 2n — 1, the
player wins. If the sum of these dice3s3 or 2n, then the player loses. Otherwise the sum becomes
the player’s point, and they win if they roll that sum agaitidoe rolling n + 1. We may again ask:
what is the player’s probability of winning?



22.

23.

24,

25.

26.

Yahtzee There are many probability questions we may ask with regatidet game of Yahtzee. For
starters, what is the probability of rolling, in a singlelyol

() Yahtzee

(b) Four of a kind (but not Yahtzee)

(c) Three of a kind (but not four of a kind or Yahtzee)
(d) A full house

(e) Along straight

() A small straight

More Yahtzee What is the probability of getting Yahtzee, assuming thatase trying just to get
Yahtzee, we make reasonable choices about which dice wllyeand we have three rolls? That is,
assume we're in the situation where all we have left to getgarae of Yahtzeés Yahtzee, so that all
other outcomes are irrelevant.

Drop Dead In the game of Drop Dead, the player starts by rolling five d¢éad dice. If there are
no 2's or 5’'s among the five dice, then the dice are summed amdstthe player’'s score. If there are
2's or 5's, these dice become "dead” and the player gets me stoeither case, the player continues
by rolling all non-dead dice, adding points onto the scorgi all dice are dead.

For example, the player might rofll, 3,3,4,6} and score 17. Then they roll all the dice again and
get{1,1,2,3,5} which results in no points and two of the dice dying. Rollihg three remaining
dice, they might gef2, 3, 6} for again no score, and one more dead die. Rolling the rentamghey
might get{4, 6} which gives theml 0 points, bringing the score to 27. They roll the two dice again
and get{2, 3} which gives no points and another dead die. Rolling the reimgidie, they might get
{3} which brings the score t80. Rolling again, they ge{5} which brings this player’s round to an
end with30 points.

Some natural questions to ask are:

(a) What is the expected value of a player’s score?
(b) What is the probability of getting a score@ 1? 207 etc.

Suppose we play a game with a die where we roll and sum tsirasolong as we keep rolling larger
values. For instance, we might roll a sequence like 1-3-4tlaend roll a 2, so our sum would be 8. If
we roll a 6 first, then we're through and our sum is 6. Three tpies about this game:

(a) What is the expected value of the sum?
(b) What is the expected value of the number of rolls?

(c) If the game is played with an-sided die, what happens to the expected number of rolis as
approaches infinity?

Suppose we play a game with a die in which we use two roliseotlie to create a two digit number.
The player rolls the die once and decides which of the twdglthey want that roll to represent. Then,
the player rolls a second time and this determines the otb#r Bor instance, the player might roll a
5, and decide this should be the "tens” digit, and then roll so&heir resulting number is 56.

What strategy should be used to create the largest numberevage? What about the three digit
version of the game?



Chapter 3

Discussion, Hints, and Solutions

3.1 SingleDieProblems

1. On average, how many times musgt-aided die be rolled until a 6 turns up?

This problem is asking for thexpectedhumber of rolls until a 6 appears. L&t be the random
variable representing the number of rolls until a 6 appedhen the probability thak’ = 1is 1/6;
the probability thatX = 2is (5/6)(1/6) = 5/36. In general, the probability that = & is

(g)klé (3.1)

since, in order forX to bek, there must bé& — 1 rolls which can be any of the numbers 1 through 5,
and then a 6, which appears with probabili6.

We seek the expectation &f. This is defined to be

E=) nP(X =n) (3.2)
n=1
whereP(X = n) is the probability thafX takes on the value. Thus,
X /5\"M1 6 1 & [/B\"
E= b _—Z.C hd _
nzln(ﬁ) 6 5 6n1n(6) (3:3)
Using Equation B.3 from Appendix B, we can conclude that
_ 8 5/6 = 6. (3.4)

5 6(1-(5/6)%
Thus, on average, it také&sthrows of a die before @ appears.

Here’s another, quite different way to solve this problemhéirolling a die, there is /6 chance that
a6 will appear. If a6 doesn't appear, then we're in essence starting over. Thatsay, the number
of times we expect to throw the dice beforé ghows up is the same as the number of additional
times we expect to throw the die after throwing a réor8o we have a/6 chance of rolling a 6 (and
stopping), and &/6 chance of not rolling a six, after which the number of rollsexpect to throw is
the same as when we started. We can formulate this as

E:é+%(E+1). (3.5)



Solving for £, we find £ = 6. Note that Equation 3.5 implicity assumes tliais a finite number,
which is something thag priori, we do not necessarily know.

. On average, how many times mugi-aided die be rolled until all sides appear at least once? Wha
about for ann-sided die?

To roll until every side of the die appears, we begin by rgllonce. We then roll until a different
side appears. Since there @rsides, this takes, on averag% = 6/5 rolls. Then we roll until a

side different from the two already rolled appears. Thisinesg, on average,;}—ﬁ =6/4 = 3/2rolls.
Continuing this process, and using the additive nature péetation, we see that, on average,

6 6 6 6 6 147
brgtatgtati=g0 — 17

rolls are needed until al sides appear at least once. Forasided die, the number of rolls needed,
on average, is

1+

i R

n n n "1
1_:

n
—.:nE -
(3 (3

i=1 =1

For largen, this is approximately: log n.
. Suppose we rolk dice and keep the highest one. What is the distribution afesi

Let’s find the probability that the highest number rolledisAmong then dice rolled, they must all
showk or less. The probability of this occuring is

il

(i
However, some of these rolls don't actually have @rs; That is, they are made up of only the
numbersl throughk — 1. The probability of this occuring is

(k—1)"
6n
so the probability that the highest number rolled is
k" — (k—1)"
6™ ’
So, for instance, the probability that,7fdice are rolled, the highest number to turn up will3is

37 —27 2059

- o~ 0.007355.

. How many dice must be rolled to have at least a 95% chance lofga six? 99%7? 99.9%?
Suppose we rolh dice. The probability that none of them turn up six is

(&)

and so the probability that at least one is a six is

-

8



To have a 95% chance of rolling a six, we need

5\ "
1—(=) >095
6) 2

> 108005 _ e s o 16,

"= log(5/6)
Hence,n > 17 will give at least a 95% chance of rolling at least one six.c8ing(0.01)/log(5/6) =
25.2585. .., 26 dice are needed to have9a% chance of rolling at least one six. Similarly, since
log(0.001)/log(5/6) = 37.8877.. ., 38 dice are needed for®.9% chance.

which yields

. How many dice must be rolled to have at least a 95% chance lofga one and a two? What about
a one, a two, and a three? What about a one, a two, a three, addive and a six?

Solving this problem requires the use of the inclusion-esidn principal. Of th&™ possible rolls of
n dice, 5™ have no one’s, an@™ have no two’s. The number that have neither one’s nor twamis
5™ 4 5™ since this would count some rolls more than once: of tiidsells with no one’s, some have
no two’s either. The number that have neither one’s nor twgl¢, so the number of rolls that don’t
have at least one one, and at least one two is

5" 45" — 4" =2.5" — 4"
and so the probability of rolling a one and a two witldice is
25" — 4"
T "
6n
This is an increasing function ef, and by direct calculation we can show that it's greater than

for n > 21. That s, if we roll at leas®1 dice, there is at least¥% chance that there will be a one
and a two among the faces that turn up.

To include three’s, we need to extend the method. Ofthgossible rolls, there afg* rolls that have
no one’s,5" that have no two’s, ant® that have no three’s. There ate that have neither one’s nor
two’s, 4" that have neither one’s nor three’s, atilthat have neither two’s nor three’s. In addition,
there are3™ that have no one’s, two’s, or three’s. So, the number of thl$ don't have a one, a two,
and a three is

BT 4+ 5" 45" — 4" — 4" — 4" + 3" =3.5" —3-4" + 3",

Hence, the probability of rolling at least one one, one twam] ane three is

3.5"—3.4m 43"
6" '

This is again an increasing functionf and it is greater tha®.95 whenn > 23.

1-—

Finally, to determine the probability of rolling at leasteoone, two, three, four, five and six, we extend
the method even further. The result is that the probahility) of rolling at least one of every possible
face is

5 .

4y [6) (6—7\" 1\" 1\" 1\" 2\" (5\"

S50 () (52 o) ) 2 (3) o) ()
p(n) j;() i3 6(5) +15(5) —20(5) +15(3) 6 (3
This exceed$.95 whenn > 27. Below is a table showing some of the probabilities for vasin.

9



n p(n)
6 | 0.0154..
7 | 0.0540...
8

9

0.1140...
0.1890...
10 | 0.2718..
11 | 0.3562...
12 | 0.4378..
13 | 0.5138..
14 | 0.5828...
15 | 0.6442..
16 | 0.6980...
17 | 0.7446...
18 | 0.7847..
19 | 0.8189...
20 | 0.8479..
21 | 0.8725..
22 | 0.8933..
23 | 0.9107..
24 | 0.9254..
25 | 0.9376...
26 | 0.9479..
27 | 0.9565...
30 | 0.9748..
35 | 0.9898...
40 | 0.9959...

6. How many dice should be rolled to maximize the probabilityolling exactly one six? two sixes?
sixes?

Suppose we rolh dice. The probability that exactly one is a six is

(?)SH_I__ n5n—1
6n 67

n5n—1
61

The question is: for what value efis this maximal? I, > 6 then(”g;?f’" <

must occur for some < 6. Here’s a table that gives the probabilities:

, SO the maximum

n5n71

6n
1/6 = 0.1666...
5/18 = 0.2777...
25/72 = 0.3472...
125/324 = 0.3858...
3125/7776 = 0.4018...
3125/7776 = 0.4018...

5

OO WNPR

, . L 312 .
This shows that the maximum probablllty%%, and it occurs for botlh = 5 andn = 6.

For two sixes, the calculation is similar. The probabilifyegactly two sixes when rolling dice is

(5)5" 2 n(n—1)5"2

6™ 2.6m

A quick calculation shows that this is maximal for= 12 or n = 11.
It seems that for. sixes, the maximal probability occurs wiéin and6n — 1 dice. I'll let you prove
that.

7. What is the most probable: rolling at least one six with sigedliat least two sixes with twelve dice,
or at least three sixes with eighteen dice? (This is an oldlenm, frequently connected with Isaac
Newton.)

10



One way to solve this is to simply calculate the probabilitgach. The probability of rolling exactly
m sixes when rolling- six-sided dice is

r 57"7771

m) 6"

so the probability of rolling at least sixes when rolling- six-sided dice is

" [r\5
Grinding through the calculations yields
31031
p(1,6) = 16656~ 0.66510202331961591221
1346704211
p(2,12) = 2176782336 ~ 0.61866737373230871348
15166600495229
18) = ~ 0. 4 47723194
p(3,18) 57389939167 104 0.59734568594772319497

so that we see that the six dice case is the clear winner.

. Suppose we rolk dice, remove all the dice that come up 1, and roll the restmgHiwe repeat this
process, eventually all the dice will be eliminated. How gnanils, on average, will we make? Show,
for instance, that on average fewer thé@rlog n) throws occur.

We expect that, on average, 5/6 of the dice will be left afemhethrow. So, aftek throws, we expect

k
to haven (%) dice left. When this is less than 2, we have, on average lessghhrows left, so the

number of throws should be, on average, something less tbhanstant timéog n.

Let M,, be the expected number of throws until all dice are elimishaéhen, thinking in terms of a
Markov chain, we have the recurrence formula

1 5" [5\" iy n \ 5
My=—+—+(=] M, 14 M; =
+ +(6) +jZl< + ﬁ(n_j)m

which allows us to solve foi/,,:

n—1
n . n j
1+5 +Z(1+MJ)<n—j )5
M, = =1

6n_5n

Here are a few values dff,,.

11



My,

6
8.72727272727273
10.5554445554444
11.9266962545651
13.0236615075553
13.9377966973204
14.7213415962620
15.4069434778814
16.0163673664838
10 | 16.5648488612594
15 | 18.6998719821123
20 | 20.2329362496041
30 | 22.4117651317294
40 | 23.9670168145374
50 | 25.1773086926527

O©oOoO~NOOUTh, WNRES

We see thab/,, increases quite slowly, another suggestion gt= O(log n). To show this, suppose
M; < Clogjforall2 < j < n. Then we have

n—1
1+5"+max{1—|—6,1—|—010g(n—1)}2< " )53’
j=1

n—7j
M, < T
145" + Clog(n — 1)(6" — 5" — 1) 14 5
= T :C’(l—6n_5n>log(n—1)+6n_5n<C’logn
if and only if
1 1 — "
(1_ > og(n —1) 1+5 <1
6" — 5" logn C'logn(6™ — 5™)

SinceM;/ log 2 < 13, we may suppos€’ = 13. Itis not hard to show the above inequality holds for
all n, and hencel,, < 13logn foralln > 2.

3.2 DiceSums

. Show that the probability of rolling 14 is the same whetherthvew 3 dice or 5 dice.

This seems like a tedious calculation, and it is. To save doouble, we can use a computer algebra

system to determine the coefficient:of* in the polynomials(z + z? + 23 + 2* + 2° + 2%)3 and

(z + 2%+ 23 + 2% + 2% + 25)® (see Appendix C for an explanation of this method). Theylarand

540, respectively, and so the probability in questionl—gs: 540 = i
' ' 6 6° 72

Are there other examples of this phenomenon?
Yes. Letp,(t,n) be the probability of rolling a sum dfwith n d—sided dice. Then:

2

i p3(572) :p3(573) = §
10

e p3(10,4) = p3(10,6) = 31

5
o p4(973) :p4(974) = ﬁ

12



10.

11.

9
] p6(14,3) :p6(14, 5) = —=

72
4
] p9(15,2) :p9(15,4) = 8_1
7
® p20(27, 2) = p20(27, 3) = %

Questions: Are there others? Can we fimdl of them?

Suppose we rolk dice and sum the highe3t What is the probability that the sum is 18?

In order for the sum to be 18, there must be at least three Gmgitinen dice. So, we could calculate
probability that there are 3,4,5,.n.6’s among the: dice. The sum of these probabilities would be the
probability of rolling 18. Since: could be much greater than 3, an easier way to solve thisgrold

to calculate the probability that the sumnist 18, and then subtract this probability from 1. To get a
sum that is not 18, there must be 0, 1 or 2 6's amongitdee. We calculate the probability of each
occurence:

zero 6's: the probability isé%

nsn1

one 6: the probability isﬁT
n 5n72
two 6's: the probability is%

Hence, the probability of rolling a sum of 18 is

57 psnl (D)2 5\" 9 1
1— | = 2 =1-—(= 1+ —n+ — 2) = 3.6
<6n + 6n + 6" (6) ( + 50n+ 50” p(n) (3.6)

say. Then, for examplegy(1) = p(2) = 0, p(3) = 1/216, p(4) = 7/432, andp(5) = 23/648.
A die is rolled once; call the resullv. ThenN dice are rolled once and summed. What is the
distribution of the sum? What is the expected value of thé’3iiat is the most likely value?

Since each of the possible valugls 2, 3,4, 5,6} of NV are equally likely, we can calculate the distri-
bution by summing the individual distributions of the sumlo®, 3, 4, 5, and 6 dice, each weighted
by % We can do this using polynomials. Let

1
pzé(a:+x2+a:3+:c4+x5+x6).

Then the distribution of the sum is given by the coefficieritthe polynomial

6.1
D = Z Epz
=1
_ 1 36 35 7 34 7 33 7 32 7 31 77 30
= 270036" T 16656° T 933120 < 34902 < 1m552” 7776 T 466560

131 5 139 o 469 o 889 o 301 oy 69T, U5 o
16656 31104 69984 93312 23328 279936 11664
263 ., 691 o, 1043 o, 287 45 11207 o 497 . 4151
10368° T 233287 T3m104” T 7" T 2799367 11664 T 93312

_|_

13



12.

3193 .. 1433 , 119 .4 T4 ., 2275 4, 749 5 3269
60082” T 31104° T 2502” T 15mm2” T 16656° | 155520  69984"
4169 o 493 o 16807 o 2401 5 343 4 49 g T, 1

X X X X X X —X —X.
93312 11664°  279936° 46656 ' 7776 12067 " 216" " 36

+

To get the expected valug, we must calculate

36
E =Y id;
i=1

36
o 49
whereD = " d;z’. This works out taF = i 12.25.
=1
More simply, one can calculate the expected value of the ssifollows, using the fact that the
expected value of a single roll is 3.5:

1
E=:(35+2x35+3x35+ - +6x35) =1225.

Coefficients of D

50— 0—==D0oO0
*
*

*
ka """"""""" [y [T [ L %%%%*%
5 10 15 20 25 30 35

You can see from the plot of the coefficients Dfthat 6 is the most likely value. It is perhaps a bit
surprising that there are three “local maxima” in the plot, & 6,11, and14.

A die is rolled and summed repeatedly. What is the probgititiat the sum will ever be a given value
x?

Let’s start by considering 2-sided dice, with sides numtdrand 2. Lep(x) be the probability that
the sum will ever bec. Thenp(1) = 1/2 since the only way to ever have a sum of 1 is to roll 1 on the
first roll. We then have(2) = 1/2 + 1/2p(1) = 3/4, since there are two mutually exclusive ways to
get a sum of 2: roll 2 on the first roll, or roll a 1 followed by a & the second roll. Now, extending
this idea, we have, far > 2,

p(e) = Sp(e = 1)+ (e —2). @37)

14



This equation could be used to calculate:) for any given value ofc. However, this would require
calculatingp for all lower values. Can we get a@xplicit expression fop(z)?

Equation 3.7 is an example ofl@mear recurrence relation One way to get a solution, or explicit
formula, for such a relation is by examining taexiliary equation for equation 3.7:

x2—1x+1
2 2
or 1 1
2
—r—=0
TRt Ty

The roots of this equation are
1
a=1andg = —3

A powerful theorem (see Appendix E) says that
p(n) = Aa™ + BA" = A+ B (—%)

for constantsd and B. Sincep(1) = 1/2 andp(2) = 3/4 we can solve ford and B to find that
2 1 1\"
pm=5+3(-3)

1 4 16

p(1) = 5.p(2) = 5, andp(3) = 5

For 3-sided dice, we have

with, for n > 3,

(p(n = 1) +p(n = 2) +p(n = 3) = 3 D" pln — ).

Wl

p(n) =

The characteristic equation for this recurrence equatnbe written
32— —2-1=0

which has roots

1 V2 1 V2
o , B3 3 3 i, and~y 3 + 3 i
Using these, and the fact that
1 4 16
p(l) - §>p(2) - §7 andp(3) - 2_77
we find L1 )
p(n)zg‘i'zﬁ T

Since and~ are complex conjugates, and, in any cage,) is always real, we might prefer to write

p(n) like this: N ,
p(n) = 3 + 3 (%> cos (n (g +tan ! E))

Using this formula to generate a table, we see that wiilg is asymptotic to the value 1/2, it wobbles
quite a bit:

15



p(z)

p(x) —p(z — 1)

0.33333333333333333333333333
0.444444444444444444444444444
0.59259259259259259259259259
0.45679012345679012345679012
0.49794238683127572016460905
0.51577503429355281207133058
0.49016918152720621856424325
0.50129553421734491693339429
0.50241325001270131585632271
0.49795932191908415045132009
0.50055603538304346108034570
0.50030953577160964246266283
0.49960829769124575133144287
0.50015795628196628495815047
0.50002526324827389291741872
0.49993050574049530973567069
0.50003790842357849587041329
0.49999789247078256617450090

©O©OoO~NOOUDWNPRS

0.50000818992421550643503638

0.499988768878285457260194964

B3

14).11111111111111211111111111111
9).1481481481481481481481481481
340.1358024691358024691358024691
34).04115226337448559670781893002
8).01783264746227709190672153636
56:0.02560585276634659350708733424
3.01112635269013869836915104404
5(1.001117715795356398922928415384
D10.004453928093617165405002624938
19.002596713463959310629025611496
550.0002464996114338186176828660183
50.0007012380803638911312199598200
D9.0005496585907205336267075952194
40.0001326930336923920407317435396
130.0000947575077785831817480360466
5@.0001074026830831861347426052109
510.0000400159527959296959123914584
130.0000091235924971089143059407647
370.0000194210459300491748414243292

~

N

Let’s skip over 4- and 5-sided dice to deal with 6-sided dicet.p(x) be the probability that the sum

will ever bex. We know that:

1
1) =-
p(1) 5
1 1 7
9) = =+ —p(1) = —
p(2) st 6p( ) 36
1 1 1 49
pB3) =5+ 5p(2) + (1) = o
1 1 1 1 343
p(4) il 6P(3) + 617( ) + 617( ) 1296
1 1 1 1 1 2401
p(5) = st EP(4) + EP(?)) + EP(Q) t3 (1) = G
1 1 1 1 1 1 16807
p(6) = 6 + Ep(5) + EP(4) + EP(S) + EP(Q) gp(l) = 16656
and forz > 6,
L8
p(r) = 5 > p(x—1).

Here’s a table of the values pfz) andp(z) — p(z — 1) for z < 20:
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p(z)

p(x) —plz — 1)

0.16666666666666666666666666
0.194444444444444444444444444
0.22685185185185185185185185
0.26466049382716049382716049
0.30877057613168724279835390
0.36023233882030178326474622
0.25360439529035208047553726
0.26809401672763298277701569
0.280368945441497739165777574
0.28928846103977205371809852
0.29339312224187398036658820
0.29083021326023843662796058
0.27926319233356121218849630
0.28353965850742940080732281
0.28611393213739547047904066
0.28707142992004509236458451
0.28670192473342393213899884
0.28558672514868225743440062
0.28471281046342289423547396

©O©OoO~NOOUDWNPRS

b6
AD.02777777777777777777777777777
18).03240740740740740740740740740
38).03780864197530864197530864197
4).04411008230452674897119341563
70.05146176268861454046639231824
56:0.1066279435299497027892089620
38).01448962143728090230147843316
19.01227492871386475638876187573
83.008919515598274314552320953784
07.004104661202101926648489672414
26:0.00256290898163554373862761811
840.01156702092667722443946427417
59.004276466173868188618826507133
83.002574273629966069671717852795
30.000957497782649621885543848977
380.00036950518662116022558566849
350.00111519958474167470459822531
370.00087391468525936319892665984
520.00090826968831028034116294254(

0.28562108015173317457663690

8

657
h
76

6

Notice thatp(x) seems to be settling down on a value of ab%mﬂ_et’s prove the following (proof

idea from Marc Holtz):

2
lim p(z) = =

T—00

First, let's define a sequence of vectors):

v(i)

If we then define the matrix M:

Then it's not hard to show that

O O O O o
OO O = oo
S O = O ool
S R O O oo
— o O O ool
SO OO oo

Mv(i) =v(i+1)

(p(i),p(i —1),p(i — 2),p(i —3),p(i —4),p(i —5)).

What we are interested in, thenig>v(j) = lim v(i), wherej is any finite value (but we may as
—0oQ

7

well take it to be six, since we've calculatedl),... p(6) already
Note that each entry of M is between 0 and 1, each rodafums to one, andi/® has no zero entries:

16807 9031 7735 6223 4459 2401
46656 46656 46656 46656 46656 46656
2401 2401 1105 889 637 343
7776 7776 7776 7776 7776 7776
343 343 343 127 91 49
6 1296 1296 1296 1296 1296 1296
MP=1 4 49 49 19 13 7
216 216 216 216 216 216
7 7 7 711
36 36 36 36 36 36
i1 1111
6 6 6 6 6 6

17



13.

So, we can consideY/ to be a transition matrix of a regular Markov system. Heh£® is a matrix
with all identical rows given by the vectar where the sum of the entries afequals 1, and

wM = w.

A little simple algebra shows that

<25 41 2 1>
YT\ T o1 21

Hence,w(co) is a vector of six identical probabilities equal to

Thus, lim = 2

1— 00

More questions:

(a) Notice that whiley(z) is settling down or%, it does so quite non-monotonically(x) increases
to its maximum at: = 6, and then wobbles around quite a bit. Is the sequeleeventually
monotonic, or does it always wobble?

A die is rolled once. Call the resuly. Then, the die is rolledV times, and those rolls which are
equal to or greater thanV are summed (other rolls are not summed). What is the distobuwf the
resulting sum? What is the expected value of the sum?

This is a perfect problem for the application of the polynalhmepresentation of the distribution of
sums.

The probability of a sum of is the coefficient on:* in the polynomial
1/1 1/1 2
o (E (a;+:1:2+:1:3+x4+x5+$6)> +3 (E (1+x2+:1:3+:1:4+x5+x6)) +

613(6 (2+:1: +azt +:1:)>3 6(%(34—1‘ +z +:1:)>4+

1 5 1
6(6(4+x 4 28 ) 6( 5—|—1‘ )
_l’_

_ 1 236 4 1 +L2+ 5 7T 5 226 4 1 225
279936 77760 46656 23328~ 23328 16656 16656

59 o, 18 o 5 oy 11 o 6T 1

510d° T oesa® T 1296° T ae16° T msm® T aged T
1117 18 23 17 7 16 16 15 1 14 1 13
60081” T1206% Tasst Tragt Tyt Tt t
6781 1, 47 4, 377 44 67 o 19 4 1
03312° T 729" Vg3’ T1206Y T 132" +36x +

8077 ¢, 565 5 T 5 1 1 27709

—_— 3 [ [ —_—
16656 58320 T 108" +108 +27x * 367 T 279036

So, that's the distribution.

The expected value is simply the sumidfimes the coefficient om? in the distribution polynomial.
The result ist22 = 7.38888....
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14.

15.

3.3 Non-Standard Dice

Show that the probability of rolling doubles with a non-féifixed”) die is greater than with a fair
die.
For a fair,n-sided die, the probability of rolling doubles with it is x % = l. Suppose we have

a “fixed” n-sided die, with probabilitie®, ..., p, of rolling sides1 th?ough% respectively. The
probability of rolling doubles with this die is

Bt

- 1 , o
We want to show that this is greater than A nice trick is to let
n

1
n
Then
2 2 12 12 2 2 2 L
pl_i__’_pn:(el—i—g) ++(€n+ﬁ) :€1++€n+g(61++6n)+5

Now, sincep; + - - - + p, = 1, we can conclude that + - - - + ¢, = 0. Hence,

1 1
Pl tp=dtota+—>-
precisely when not all the’s are zero, i.e. when the die is “fixed”.

Find a pair of 6-sided dice, labelled with positive integeifferently from the standaed dice, so that
the sum probabilites are the same as for a pair of standard.dic

Number one die with sides 1,2,2,3,3,4 and one with 1,3,85Rolling these two dice gives the same
sum probabilities as two normal six-sided dice.

A natural question is: how can we find such dice? One way isnsider the polynomial
(x4 2% + 23 + 2% + 25 + 2%)%

This factors as
22(1+2)*(1 + 2+ 2%)*(1 — z + 2%)2

We can group this factorization as
(:1:(1 +x)(14+z+ 5132)) (3:(1 +o)14+z+2)(1 -z + 3:2)2)

= (2 + 227 + 223 + 2 (@ + 2® + 2 + 25 + 28 + 25).

This yields the “weird” dice (1,2,2,3,3,4) and (1,3,4,8)6, See Appendix C for more about this
method.

See [1] for more on renumbering dice.
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16.

17.

18.

Is it possible to have two non-fait-sided dice, with sides numberédhroughn, with the property
that their sum probabilities are the same as for two faisided dice?

Another way of asking the question is: suppose you are giwemtsided dice that exhibit the prop-
erty that when rolled, the resulting sum, as a random vajdias the same probability distribution as
for two fair n-sided dice; can you then conclude that the two given dicdaare This question was
asked by Lewis Robertson, Rae Michael Shortt and Stephedriam[2]. Their answer is surprising:
you cansometimes, depending on the valuenofSpecifically, ifn is 1,2,3,4,5,6,7,8,9,11 or 13, then
two n-sided dice whose sum “acts fair” are, in fact, fairnlfs any other value, then there exist pairs
of n-sided dice which are not fair, yet have “fair” sums.

The smallest example, with = 10, gives dice with the approximate probabilities (see [RofoRihe
exact values)
(0.07236,0.14472,0.1,0.055279, 0.127639, 0.127639, 0.055279, 0.1, 0.14472,0.07236)
and
(0.13847,0,0.2241,0,0.13847,0.13847,0,0.2241,0,0.13847).

It's clear that these dice are not fair, yet the sum probtgslifor them are the same as for two fair
10-sided dice.

Is it possible to have two non-fair 6-sided dice, with sidemberedl through6, with a uniform sum
probability? What about-sided dice?

No. Letp1, po, p3, p4, p5s andpg be the probabilities for one 6-sided die, andys, g3, g4, g5 andgg be
the probabilities for another. Suppose that these dicahegegield sums with uniform probabilities.
That is, suppos@(sum = k) = L for k = 2,...,12. Then

1 1
p1q1 = — and pggs = —.

11 11
Also, )
= P(sum = 7) > p1ge + pedi
o)
1 n 1 < 1
Plitps " P11, S 11
i.e.,
L !
Pe D1
Now, if we letz = 5—(13, then we have
1
r+—<1
X

which is impossible, since for positive realx + % > 2. Thus, no such dice are possible.
An identical proof shows that this is an impossibility redjass of the number of sides of the dice.

Suppose that we renumber four fair 6-sided dide 8, C, D) as follows: A = {0,0,4,4,4,4},B =
{1,1,1,5,5,5},C = {2,2,2,2,6,6},D = {3,3,3,3,3,3}.

() Find the probability that died beats dieD; die D beats dieC'; die C beats dieB; and die B
beats dieA.
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19.

20.

(b) Discuss.

Find every six-sided die with sides numbered from thd 3t 3,4,5,6 such that rolling the die twice
and summing the values yields all values between 2 and 1IRgiue). For instance, the die numbered
1,2,4,5,6,6 is one such die. Consider the sum probabildfehese dice. Do any of them give sum
probabilities that are "more uniform” than the sum probaitiiés for a standard die? What if we
renumber two dice differently - can we get a uniform (or maréarm than standard) sum probability?

The numbers 1, 2, 5 and 6 must always be among the numbers drettedse sums of 2, 3, 11 and
12 would not be possible. In order to get a sum of 5, either 3mudt be on the die also. The last
place on the die can be any value{ih 2,3,4,5,6. Hence there are 11 dice with the required property.
Listed with their corresponding error, they are:

1,2,4,5,6,6 0.0232884399551066
1,2,4,5,56 0.0325476992143659
1,2,4,45,6 0.0294612794612795
1,2,3,5,6,6 0.0232884399551066
1,2,3,5,5,6 0.026374859708193

1,2,3,45,6 0.0217452300785634
1,2,3,3,5,6 0.0294612794612795
1,2,2,45,6 0.026374859708193

1,2,2,3,5,6 0.0325476992143659
1,1,245,6 0.0232884399551066
1,1,2,3,5,6 0.0232884399551066

The error here is the sum of the square of the difference lestwee actual probability of rolling each
of the sums 2 through 12 and 1/11 (the probability we wouldeHay each sum if we had a uniform
distribution). That is, ifp; is the probability of rolling a sum aof with this die, then the error is

12 1
> i — —)2
=2 11

Note that the standard die gives the smallest error (i.e¢lisest to uniform sum).

If we renumber two dice differently, many more cases areiptessOne pair of dice are 1,3,4,5,6,6
and 1,2,2,5,6,6. These two dice give all sum values betwesmmd212, with an error (as above) of
0.018658810325477, more uniform than the standard dicee bHEst dice for near-uniformity are
1,2,3,4,5,6 and 1,1,1,6,6,6 which yield all the sums frono 22 with near equal probability: the
probability of rolling 7 is 1/6 and all other sums are 1/12 eTrror is 5/792, or about 0.00631.

3.4 Gameswith Dice

CrapsWhat is the probability of winning a round of the game Craps?
The probability of winning a round of craps can be expressed a

P(rolling 7 or 11) + Z P(rolling b) P(rolling b again before rolling Y.
be{4,5,6,8,9,10}

We now evaluate each probability. The probability of ralin is % = % and the probability of
rolling 11 is 2 = ;. Hence,

6 2 2

P(rolling 7or11) = — + — = —.

(rolling 7 or 11) 36 + %69
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The following table gives the probability of rolling forb € {4,5,6,8,9,10}. (This is the probability
of b becoming the “point”.)

3/36 =1/12
4/36 = 1/9
5/36

5/36

4/36 =1/9
0| 3/36=1/12

= ©O© 0o 0N

Finally, we need to determine the probability of rollihdpefore rolling7. Let p be the probability of
rolling b on any single roll. Rolling before roling7 involves rolling some number of rolls, perhaps
zero, which are nai or 7, followed by a roll ofb. The probability of rollingk rolls which are not or

7, followed by a roll ofb is
1\* 5 k
1—p—= =(Z— .
( P 6>p (6 p>p

Sincek may be any non-negative integer value, we have

p
5P

00 k
P(rolling b before rolling 7) = Z (% - p) p=
k=0

See Appendix B for some formulas for simplifying series sashthe one above. Another way of
looking at this is that the probability of rolling before rolling a 7 is the conditional probability of
rolling b, given that eitheb or 7 was rolled.

We can calculate the following table:

b  P(rollingd) P(rolling b again before rollingy  P(rolling b) P(rolling b again before rolling ¥
4 1/12 1/3 1/36

5 1/9 2/5 2/45

6 5/36 5/11 25/396

8 5/36 5/11 25/396

9 1/9 2/5 2/45

10 1/12 1/3 1/36

Thus, the probability of winning a round of craps is

g+i+3+§+§+3+i_%_o4gm
9 36 45 396 396 45 36 495 '

. 244 1 7 . . .
Slnceﬁ =3~ 990" the odds are just slightly against the player.

. Non-Standard Craps We can generalize the games of craps to allow dice with othan six
sides. Suppose we use two (fairsided dice. Then we can define a game analagous to craps in the
following way. The player rolls twa-sided dice. If the sum of these dicenist 1 or 2n — 1, the
player wins. If the sum of these dice2is3 or 2n the player loses. Otherwise the sum becomes the
player’s point, and they win if they roll that sum again befoolling » + 1. We may again ask: what

is the player's probability of winning?
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22. Yahtzee There are many probability questions we may ask with regarthé game of Yahtzee. For
starters, what is the probability of rolling, in a single fpl

a) Yahtzee
b) Four of a kind (but not Yahtzee)
c¢) A full house
d) Three of a kind (but not Yahtzee, four of a kind or full hguse
e) A long straight
f) A small straight
These questions arento tricky, so I'll just give the probabilities here:

6 1
(@) Yahtzee = = —— ~ 0.07716%

65 1296
. ()-6-5 25
(b) Four of a kind (but not Yahtzee).4675 = To06 = 1.929%
(3-6-5_ 25
(C) A full house.T = @ ~ 3858%

(d) Three of a kind (but not Yahtzee, four of a kind or full heus

()-6-5-4 25
= = —— 15432 .
& 163 5.432% (3.8)
., .2-5] 5
(e) Along stralght.? =T~ 3.086%
(f) A small straight (but not a long straight):
2(4!-(6-1)-5)+4!-(6-2)-5 1680 35
& = 16~ 21.60%. (3.9)

23. More Yahtzee What is the probability of getting Yahtzee, assuming thatwetrying just to get
Yahtzee, we make reasonable choices about which dice @il rexnd we have three rolls? That is,
if we're in the situation where all we have left to get in a gaoierahtzee is Yahtzee, so all other
outcomes are irrelevant.

This is quite a bit trickier than the previous questions oht¥ae. The difficulty here lies in the large
number of ways that one can reach Yahtzee: roll it on the fatstnoll four of a kind on the first roll
and then roll the correct face on the remaining die, etc. Oaete calculate the probability is to treat
the game as Wlarkov chain(see Appendix D for general information on Markov chains).

We consider ourselves in one of figtatesafter each of the three rolls. We will say that we are in
stateb if we haveb common dice among the five. For example, if a roll yield456, we'll be in state
1; if aroll yields 11125, we'll be in state3. Now, the goal in Yahtzee is to try to get to stéta three
rolls (or fewer). Each roll gives us a chance to change fromiratial state to a better, or equal, state.
We can determine the probabilities of changing from statestatej. Denote this probability by ;.
Let theO state refer to the initial state before rolling. Then we hineefollowing probability matrix:

0 120 900 250 25 1

1296 1296 1296 1296 1296
0 120 900 250 25 1
1296 1296 1296 1296 1296
0 0 120 s 15 1
216 216 216 216
P=F)=|, o o » 10 1 (3.10)
36 36 36
oo o o 32 1
o0 o0 0 o0 1




The one representings 5 indicates that if we reach yahtzee, stajdefore the third roll, we simply
stay in that state. Now, the probability of being in stat&ter 3 rolls is given by

Z PO,i1]Di1,i2Pi275 = (M3)1,5

where the sum is over all triplg$; , i2,3) with 0 < i; < 5. Calculating)M/? gives us the probability

2783176 347897
610 7558272

~ 0.04603.

. 347897 1 347897 .
= — — I Il Yah f -
i;cig558272 5]~ 7mrgomy & Player wi get Yahtzee about once out of every twenty-ate

24. Drop Dead

(a) What is the expected value of a player’s score?
(b) What is the probability of getting a score@¥ 1? 10? 20? etc.

(a) The player begins with five dice, and throws them repégtadtil no dice are left. The key factor
in calculating the expected score is the fact that the nurobeice being thrown changes. When
throwing n dice, a certain number may “die” (i.e. come up 2 or 5), anddganon-dead dice. The

probability of this occuring is
In—yj/J
P, = < " ) .
' n—j 6™

The following table gives’, ; for n and; betweer) and5.

n\j 0 1 2 3 4 5
1 13 23 0 0 0 0
2 19 49 419 0 0 0
3 127 627 12127 827 0 0
4 1/81 8/81 24/81 32/81 16/81 0
5 1/243 10/243 40/243 80/243 80/243 32/243

When throwingn dice, the expected sum &5n, if none of the dice come up or 5. Let E(n)
represent the expected score starting witlice (so we're ultimately concerned wiffy5)). Consider
E(1). Rolling a single die, the expected score is

E(1)=35P 1 + E(1)P ;.
That is, in one roll, we pick ug.5 points, on average, if we don’'t “drop dead” (so we §etP; ;

expected points), and then we're in the same position as wigestarted (so we pick up'(1)P; ;
expected points). We can solve this equation to get

-5 (2) ()

Now, suppose we start withdice. The expected score is
E22) = (2-3.5+ E(2)) Paa + E(1)Py.
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That is, on a single roll, we pick up- 3.5 points on average if none of the dice “die”, in which case
we’re back where we started from (and then expect to pick @) [dgints),or exactly one of the dice
"die”, and so we expect to pick up(1) points with the remaining die. This equation yields

56

(7P2,2 + E(I)PQJ) = —.

B(2) .

T 1-Py
Continuing in this way, we have the general equation
E(n)=35-n-Py,+ zn: E(j)Py,;
j=1
which we can rewrite as
1 n—1
E(n) = TEL (3.5 - P+ ; E(j)Pn,j)

With this formula, we can calculat&(n) for whatever value of. we want. Here is a table df(n):

1 |7

2 | ¥=112

3 1302 ~ 13.70526
4

5

6

95
3752
3752 ~ 15.19028

837242
837242 1 16.06466

4319412
319412  16.57583

9932935945754444
10 577645434482545 17.19556

20 | ~ 17.26399

30 | =~ 17.26412371400800701809841213
100 | ~ 17.26412423601867057324993502
250 | ~ 17.26412422187783220247082379

18 T T T T T

600 00000000000000000000
16 | & _
14 —

12 -

10 - .
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So we see that a game of Drop Dead, using 5 dice, will have, erage, a score of abol.06.

Further questions. Notice that if we play the game with more than 5 dice, the etqukscore does
not increase very much. In fact, it appears as if there iggoer boundn the expected score; that is,
it seems that there is sonieso thatF(n) < B for all n. What is the smallest possible value f8?
Also, we expectF(n) to always increase asincreases. Can we prove this is so?

(b) Calculating the exact probabilities of scores seemsta bit of a pain. The easiest score to work
out is zero. To get zero, the player must roll at least one 2am Bvery roll. If we define a Markov
process, with states 0, F, 5, 4, 3, 2, 1 (in that order), whene@ns a score of zero has been achieved,
F means a score greater than 0 has been achieved, and 5 tlir@ugtthe current number of dice
being rolled, we have the following transition matrix:

1 0 0 0 O 0 0
0 1 0 0 0 0 0
1 3 3 8 8 40 10
811 881 81 247 821
T 70 o b
5 g 00 0 0 g
s 5 0 0 0 0 0

Since the games takes at most five rolls, the fifth power ofrfatrix tells us what we want to know:

1 0 0 00 0O

0 1 0 00 0O
978853 3804116

0 00 0O

P5 _ 474?369369 4 ggggg 00 0 0 0
0 — 1956583 1?%%3

T73 ?03 0 00 0O

Z 00000

3 $ 00000

978853 978853

to+—— = ———, which is about
4782969 314

Thus we see that the probability of achieving a score of z&
0.2046538457598....

The probability of achieving a score of 1 is calculatable sirailar way. Our transition matrix is

1 00 0 0 0 O
0 1.0 0 0 0 0

o & o 8 8 40 10

%% 243 23423 24813 2§3

0 2+ 0 0 0 3 2

o 2 0 0 0 0 3

L X0 0 o0 0 0

A note on this lower-left most entry: once the player has amlg die left, they have a 1/6 chance of
rolling a one; but then, the die must die, which occurs withigaibility 1/3. Hence the 1/18 probability
of getting a score of 1 after the state of one die is attained.
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Raising this matrix to the fifth power yields

1 0 0 0 0 0 O
0 1 00 0 00
3L X REEEE
kA BESEY
39 22%3 0 0 0 0 O
E ﬁ 0 00 0O

18 18

and thus the probability of a score of 1 in this gam&0is285/14348907 = 0.0212758365497804118....

Scores higher than 1 are more difficult, since it will not beessary to reach a single die. On the
other hand, to achieve a scorergfthere can be at most+ 4 rolls, so the problem is finite. Appendix
F has experimental data for comparison to any exact caiocntayou might attempt.

25. Suppose we play a game with a die where we roll and sum ourasllsng as we keep rolling larger
values. For instance, we might roll a sequence like 1-3-4thed roll a 2, so our sum would be 8. If
we roll a 6 first, then we’re through and our sum is 6. Three tjoas about this game:

(&) What is the expected value of the sum?

(b) What is the expected value of the number of rolls?

(c) If the game is played with an-sided die, what happens to the expected number of rolts as
approaches infinity?

We can consider this game as a Markov chain with an absoriée. 4f we consider the state to be
the value of the latest roll, or O if the latest roll is not larghan the previous one, then we have the
following transition matrix:

1 0 0 0 0 0 O
1/6 0 1/6 1/6 1/6 1/6 1/6
2/6 0 0 1/6 1/6 1/6 1/6
P=|3/60 0 0 1/6 1/6 1/6 (3.11)
46 0 0 0 0 1/6 1/6
56 0 0 0 0 0 1/6
1 0 0 0 0 0 O

Using the notation of Appendix D, we have

1/6 1/6 1/6 1/6 1/6
0 1/6 1/6 1/6 1/6

0
0

o o o 1/6 1/6 1/6

=10 0o o 0o 16 1/6
O 0 0 0 0 1/6
00 0 0 0 O
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sothatN = (I — Q) lis

1 1/6 7/36 49/216 343/1296 2401/7776
0 1 1/6  7/36 49/216  343/1296
N — 0 0 1 1/6 7/36 49/216
0o 0 0 1 1/6 7/36
0 0 0 0 1 1/6
0 0 0 0 0 1
The row sum ofNV is
16807/7776
2401/1296
343/216
49/36
7/6

1
and so the expected number of rolls before absorbtion tthe number of rolls that count in the sum)
is

(1/6) (168077776 + 2401/1296 + 343/216 + 49/36 + 7/6 + 1) = 70993 /7776 ~ 1.521626.

We useN to calculate the expected sum as well. If the first roll is d&,éxpected sum will be

1 7 49 343 2401
I+2-5+3 35 +4 356 75 1296 70 7776

In fact, for any first roll, the expected sum is 6. Hence, theeexed sum is 6.

6.

Now, suppose the game is played withrasided die. LetE be the expected number of rolls. Let
E(j) be the expected number of rolls if the first rolljisThen,

E(j):1+%E(j+1)+%E(j+2)+---+%E(n)

and so q q ]
from which we can conclude

E(j) = (1 + %) E(j+1).

SinceE(n) = 1, we have

Thus,

And so we see that
lim F =e—1=1.718281828459....

n—oo
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26. Suppose we play a game with a die in which we use two rolls ditht create a two digit number.
The player rolls the die once and decides which of the twasdigey want that roll to represent. Then,
the player rolls a second time and this determines the otiggt. dor instance, the player might roll
a 5, and decide this should be the "tens” digit, and then ro#,as0 their resulting number is 56.

What strategy should be used to create the largest numberverage? What about the three digit
version of the game?

A strategy in this game is merely a rule for deciding whetherfirst roll should be the “tens” digit or
the “ones” digit. If the first roll is a 6, then it must go in theehs” digit, and if it's a 1, then it must
go in the “ones” digit. This leaves us with what to do with 2,and 5. If the first roll i$h, then using

it as the “ones” digit results in an expected numbe% ol 0 + b. Using it as the “tens” digit results in
an expected number abb + I. So, when islOb + 2 > I .10+ b? Whenb > 4. Thus, if the first
roll is 4, 5 or 6, the player should use it for the “tens” digitith this strategy, the expected value of
the number is

1
6(63.5 +53.5+43.5 4+ 38 4+ 37 4 36) = 45.25.

In the three-digit version of the game, once we have decideat vo do with the first roll, we’ll be
done, since we will then be in the two-digit case which we edlabove. Note this is obviously true
if we place the first roll in the “hundreds” digit. If we placke first roll in the “ones” digit, then the
strategy to maximize the resulting number is the same asmbraligit case, simply multiplied by a
factor of ten. If we place the first roll in the “tens” digit,eh our strategy is to put the next rélin
the “hundreds” digit if

1006 + 3.5 > 350 + b

i.e., if b > 4. Thus we have the same strategy in all three cases: put toedeall in the largest digit
if it is at least 4.

Now, if the first roll, b, is placed in the “hundreds” digit, then the expected valileb& 10056 + 45.25.
If the first roll is placed in the “ones” digit, then the expedtvalue will be452.5 + b. If the first roll
is places in the “tens” digit, then the expected value will be

10b + (351 + 352 + 353 + 403.5 4 503.5 + 603.5) /6 = 427.75 + 10b.

Our strategy thus comes down to maximizing the quantiti®d+45.25, 427.75+ 100, and452.5+b.
From the graph below, we see tHa&0b + 45.25 is the largest wheh > 5; 427.75 + 100 is largest
when3 < b < 4, and452.5 + b is largest whe < 3. Thus our strategy for the first roll is this: if it
is at least 5, put it in the “hundreds” digit; if it is 3 or 4, pitiin the “tens” digit; otherwise, put it in
the ones digit. If the second roll is 4, 5, or 6, place it in theyéest available digit.

500

450 £

400

350 |

300

250 B

200
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The expected value using this strategy is thus

(645.25 + 545.25 + (40 + 427.75) + (30 + 427.75) + (452.5 + 2) + (452.5 + 1)) /6 = 504.
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Chapter 4

Problemsfor thefuture

Here are some problems that | intend to add to this collecdmne time in the future, as soon as | get
around to writing decent solutions.

1.
2.
3.

the game of Threes (see wikipedia). Best strategy form@hscore?
more drop dead: probability of getting zero? probabiityny particular value?

If a die is rolled 100 times (say), what is the probabilltattall six sides have appeared at least one?
If a die is rolled 100 times (say), what is the probabilitytttieere is a run of 6 that has all six possible
faces? What about a run of 10 with all six faces at least once?

. A die is rolled repeatedly and summed. What is the expeuteaber of rolls until the sum is:

() aprime? Experimentally it appears to be around 2.432@i4 million trials).
(b) a power of 2? Hmmmm...
(c) amultiple of n? The answer appears to be n.

. For every composite, there appear to pairs of "weird” dice with sides (i.e. a pair of dice not

numbered in the usual way with sum probabilities equal tosthedard dice). Prove this. For many
n, there are many such pairs. Give useful bounds on the nunfilsecb pairs in terms of.
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Appendix A

Dice sum probabilities

Sumsof 2, 6-Sided Dice

Sum

Probability

1/36

2/36=1/18

3/36=1/12

4/36 =1/9

5/36

6/36 = 1/6

5/36

OO |N OO~ [WN

4/36 =1/9

10

3/36 =1/12

11

2/36 =1/18

12

1/36

Sumsof 3, 6-Sided Dice

Sum  Probability

3 1/216

4 3/216=1/72

5 6/216 = 1/36

6 10/216 =5/108
7 15/216 =5/72
8 21/216=7I72
9 25/216

10 27/216=1/8
11 27/216=1/8
12 25/216

13 21/216=7/72
14 15/216 =5/72
15 10/216 =5/108
16 6/216 = 1/36
17 3/216=1/72
18 1/216=1/216
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Appendix B

Handy Series Formulae

For|r| < 1,
Z ar’ = 1 a (B.1)
n=0 -r
For|r| < 1,
N a(l — N+
Z ar" = —~ (B.2)
1—r
n=0
For|r| <1
o0 r
mo_ B.3
2T 9
For|r| <1

r (1—7“N (1—|—N—Nr))
(1-r)?

N
3
3
I

(B.4)
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Appendix C

Dice Sums and Polynomials

Very often in mathematics a good choice of notation can takeaylong way. An example of this is the following
method for representing sums of dice. Suppose we havesatled die, with sides, 2, ..., n that appear with proba-
bility p1, pa2, ..., pn, respectively. Then, if we roll the die twice and add the twibs; the probability that the sum is
is given by

n n—k
D k- = Y PiPij (C.1)
j=1 j=k—1

if we sayp;, = 0if i < 1ori > n.
Now consider the following polynomial:

P=p1x+poa® + -+ ppa” (C.2)
If we squareP, we get
P? = ax1x® + azx® + - - + agpz®” (C.3)
whereay, for k=2, 3,... 2n, is given by
n—k
ar= Y pipkj- (C.4)
j=k—1

In other words, the probability of rolling the sum kfis the same as the coefficient:of in the polynomial given by
squaring the polynomiaP.
Here’s an example. Suppose we consider a star@iaidied die. Then

1 1 1 1 15 1
and so
P x? n 223 n RY n 42 n 5 x® n 627 n 5a® n 429 n 3210 n 271 n x1? (C.6)
36 36 36 36 36 36 36 36 36 36 36 '
22 23 A 25 526 2T 58 9 0 g1l 12
= —t—<+—st+—-—+oxt+t -+t t+ 5+ -5+ (C.7)

36 18 12 9 36 6 36 9 12 18 36

And so, we see that the probability of rolling a sum of 9, fatance, id /9.
For two different dice the method is the same. For instariageiroll a 4-sided die, and &-sided die, and sum
them, the probability that the sum is equaktts give by the coefficient or”* in the polynomial

4 4 4 4 6 6 6 6 6 6 '

which, when expanded, is
@, o 2
24 12 8 6

.236 .237 .238
t et e TE T

=)

.1310

24"

8

+ (C.9)

[\
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Notice that this can be written as

1
21 (z® +22° + 32" +42° +425+42" +32%4+22° —i—xw) (C.10)

In general, a fain-sided die can be represented by the polynomial

%(m+x2+x3+---+x") (C.11)

With this notation, many questions about dice sums can Insfitamed into equivalent questions about polyno-
mials. For instance, asking whether or not there exist qiags of dice that give the same sum probabilities as a pair
of standard dice is the same as asking: in what ways can tiyagroial

(x+22 +23 42 + ... 42?2 (C.12)

be factored into two polynomials (with certain conditiomstbe degrees and coefficients of those polynomials)?
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Appendix D

Markov Chain Facts

A Markov chainis a mathematical model for describing a process that movaeséequence of steps through a set
of states. A finite Markov chain has a finite number of staes, s, ..., s, }. When the process is in statg there
is a probabilityp;; that the process will next be in stadg. The matrixP = (p;;) is called thetransition matrixfor
the Markov chain. Note that the rows of the matrix sum to 1.

Theij-th entry of P* (i.e. thek-th power of the matrixP) gives the probability of the process moving from state
1 to statej in exactlyk steps.

An absorbing statés one which the process can never leave once it is enterecabsorbing chairis a chain
which has at least one absorbing state, and starting in atg of the chain, it is possible to move to an absorbing
state. In an absorbing chain, the process will eventualijugnin an absorbing state.

Let P be the transition matrix of an absorbing chain. By renumiggtiie states, we can always rearraftji@to
canonical form

J 0
P=
R | @

whereJ is an identity matrix (withl's on the diagonal and's elsewhere) an@ is a matrix of all zeros@ and R are
non-negative matrices that arise from the transition podibes between non-absorbing states.

The seriesN = I + Q + Q% + Q3 + ... converges, andV = (I — Q)~!. The matrixN gives us important
information about the chain, as the following theorem shows

Theorem 1 Let P be the transition matrix for an absorbing chain in canonif@im. LetN = (I — Q)~!. Then:

e Theij-th entry of N is the expected number of times that the chain will be in gtafiéer starting in state.

e The sum of thé-th row of NV gives the mean number of steps until absorbtion when the éhatarted in state
1.

e Theij-th entry of the matrixB = N R is the probability that, after starting in non-absorbings#i, the process
will end up in absorbing statg.

An ergodicchain is one in which it is possible to move from any state tp @her state (though not necessarily
in a single step).

A regular chain is one for which some power of its transition matrix haszero entries. A regular chain is
therefore ergodic, though not all ergodic chains are regula

Theorem 2 SupposeP is the transition matrix of an ergodic chain. Then there ex@ématrixA such that

_ P+P?4P34...4+ Pk
lim =

For regular chains,
lim P* = A.

k—o0
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The matrixA has each row the same vector= (a;,as,...,a,). One way to interpret this is to say that the
long-term probability of finding the process in statoes not depend on the initial state of the process.
The components,, as, . . ., a,, are all positive. The vecta is the unique vector such that

art+az+ - tap=1

and
aP=a
For this reasoma is sometimes called tHeéxed point probability vector
The following theorem is sometimes called ean First Passage Theorem

Theorem 3 Suppose we have a regular Markov chain, with transition irat. Let E = (e;;) be a matrix where,
fori # j, e;; is the expected number of steps before the process entteg sba the first time after starting in state
ande;; is the expected number of steps before the chain re-entdesi sThen

E=(I-Z+JZ)D

whereZ = (I — P — A)"1LA = hm P*, 7' is the diagonal matrix whose diagonal entries are the sam&g a is
the matrix of all 1's, andD is a dlagonal matrix withD;; = 1/A;;.
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Appendix E

Linear Recurrence Relations

Here's a useful theorem:
Theorem 1 Consider the linear recurrence relation
Tp = A1Tp_1+a2Tp_2+ - +ap =0

If the polynomial equation

2

" —apz" t—agx"? — o —ap =0

hask distinct rootsry, ...r, then the recurrence relation E.1 has as a general solution
Tp =177 + Cory 4+ -+ Ty

Proof: We can prove this with a bit of linear algebra, but we’ll dotteame other time.
Example: May as well do the old classic. The Fibonacci numbers are elgfiry

fo=1,fi=1 andf, = fn_1 + fn_oforn > 1.

The characteristic equation is
P —2x—-1=0

which has roots

14+5 —5
ry = 5 andry = 5
So "
2 2
for constantsd andB. Since
fo=1=A+B

and

f1:1=A+B+§(A—B)

we conclude that

A= 1—}—7\/5 andB = ﬂ
2v/5 2v/5
so that
f B (1 + \/5)n+1 _ (1 o \/5)n+1
n— 2n+1\/5 '
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Appendix F

Drop Dead Simulation Data

In 107 simulated games of Drop Dead, the following frequenciesofes were achieved.

score )

number of games with score

number of games with score n

©oo~NOYULh~WNEO

2044719
212885
69266
226785
353402
180453
338023
335320
220094
258632
321143
233060
259303
257301
240123
225187
241364
223916
211570
208928
199351
184160
179823
170278
158398
150177
144061
133669
126951
120721
112686
107082
101481
95625
90543
85022

41

2044719
2257604
2326870
2553655
2907057
3087510
3425533
3760853
3980947
4239579
4560722
4793782
5053085
5310386
5550509
5775696
6017060
6240976
6452546
6661474
6860825
7044985
7224808
7395086
7553484
7703661
7847722
7981391
8108342
8229063
8341749
8448831
8550312
8645937
8736480
8821502




36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89

80163
74323
70833
66156
61407
57766
53754
50170
47367
44263
41087
38652
35709
32950
31230
28709
26898
25022
23160
21400
19890
18385
17360
16018
14872
13627
12830
11798
10968
10345
9332
8584
8028
7478
6846
6220
5928
5411
5091
4660
4263
3796
3750
3401
3077
2940
2674
2455
2174
2087
2019
1701
1650
1504
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8901665
8975988
9046821
9112977
9174384
9232150
9285904
9336074
9383441
9427704
9468791
9507443
9543152
9576102
9607332
9636041
9662939
9687961
9711121
9732521
9752411
9770796
9788156
9804174
9819046
9832673
9845503
9857301
9868269
9878614
9887946
9896530
9904558
9912036
9918882
9925102
9931030
9936441
9941532
9946192
9950455
9954251
9958001
9961402
9964479
9967419
9970093
9972548
9974722
9976809
9978828
9980529
9982179
9983683




90

91

92

93

94

95

96

97

98

99

100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143

1334
1234
1149
1056
975
845
817
772
676
615
583
539
501
460
395
354
326
318
285
247
223
225
194
160
175
148
140
119
138
105
99
96
105
64
75
54
54
65
52
48
45
28
32
33
37
27
27
34
12
23
21
12
17
12
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9985017
9986251
9987400
9988456
9989431
9990276
9991093
9991865
9992541
9993156
9993739
9994278
9994779
9995239
9995634
9995988
9996314
9996632
9996917
9997164
9997387
9997612
9997806
9997966
9998141
9998289
9998429
9998548
9998686
9998791
9998890
9998986
9999091
9999155
9999230
9999284
9999338
9999403
9999455
9999503
9999548
9999576
9999608
9999641
9999678
9999705
9999732
9999766
9999778
9999801
9999822
9999834
9999851
9999863




144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
170
172
174
175
177
178
181
192

[l I
w  obhw
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9999876
9999890
9999905
9999910
9999923
9999929
9999934
9999941
9999946
9999954
9999957
9999959
9999966
9999967
9999969
9999970
9999972
9999973
9999975
9999978
9999981
9999983
9999987
9999989
9999991
9999992
9999994
9999995
9999997
9999998
9999999
1000000




