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Chapter 1

| ntroduction and Notes

This is a (slowly) growing collection of dice-related mathematical problems, witbrmpanying solutions.
Some are simple exercises suitable for beginners, while others requiresopdnisticated techniques.

Many dice problems have an advantage over some other problems objtitgha that they can be inves-
tigated experimentally. This gives these types of problems a certain hetpiul-tb-earth feel.

Please feel free to comment, criticize, or contribute additional problems.

1.0.1 What aredice?

In the real world, dice (the plural afie) are polyhedra made of plastic, wood, ivory, or other hard material.
Each face of the die is numbered, or marked in some way, so that when tkedst onto a smooth, flat surface
and allowed to come to rest, a particular number is specified.

Mathematically, we can consider a die to be a random variable that takedyofinitely many distinct
values. Usually, these values will constitute a set of positive intelgers.., n; in such cases, we will refer to
the die as-sided.

1.0.2 Terminology

A fair die is one for which each face appears with equal likelihood. A non-aisctalledfixed The phrase
standard diewill refer to a fair, six-sided die, whose faces are numbered one threixg If not otherwise
specified, the terrdie will refer to a standard die.



Chapter 2

Problems

2.1

=

10.

11.

Standard Dice

On average, how many times mugi-aided die be rolled until a 6 turns up?

. On average, how many times must-aided die be rolled until all sides appear at least once? What about

for ann-sided die?

. On average, how many times must a paié-cided dice be rolled until all sides appear at least once?
. Suppose we rol dice and keep the highest one. What is the distribution of values?

. Suppose we can roll @&sided die up ta: times. At any point we can stop, and that roll becomes our

"score”. Our goal is to get the highest possible score, on average&.sHould we decide when to stop?

. How many dice must be rolled to have at least a 95% chance of rolling a six?

. How many dice must be rolled to have at least a 95% chance of rolling armha two? What about a

one, a two, and a three? What about a one, a two, a three, a fouramfhasix?

. How many dice should be rolled to maximize the probability of rolling exactly @ svo sixes?n

sixes?

. A single die is rolled until a run of six different faces appears. Famg{e, one might roll the sequence

535463261536435344151612534 with only the last six rolls all distinctatMéithe expected number of
rolls?

What is the most probable: rolling at least one six with six dice, at leassitves with twelve dice, or at
least three sixes with eighteen dice? (This is an old problem, frequenthectathwith Isaac Newton.)

Suppose we rolk dice, remove all the dice that come up 1, and roll the rest again. If watrdips
process, eventually all the dice will be eliminated. How many rolls, on avewitieve make? Show, for
instance, that on average fewer th@fiog n) throws occur.

2.2 DiceSums
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12. Show that the probability of rolling 14 is the same whether we throw 3 di€edice. Are there other
examples of this phenomenon?

13. Suppose we rot dice and sum the highe3t What is the probability that the sum is 187?

14. Afair,n-sided die is rolled until a roll of or greater appears. All rolls are summed. What is the expected
value of the sum?

15. Adieisrolled repeatedly and summed. Show that the expected numbés ofitil the sum is a multiple
of nisn.

16. Adieisrolled once; call the resul. Then/N dice are rolled once and summed. What is the distribution
of the sum? What is the expected value of the sum? What is the most likely value?

17. Adieisrolled and summed repeatedly. What is the probability that the sureveilbe a given value?

18. A die is rolled once. Call the resul. Then, the die is rolledV times, and those rolls which are equal
to or greater tharv are summed (other rolls are not summed). What is the distribution of the resulting
sum? What is the expected value of the sum?

2.3 Non-Standard Dice

19. Show that the probability of rolling doubles with a non-fair (“fixed”) digreater than with a fair die.

20. Find a pair of 6-sided dice, labelled with positive integers differentynfthe standaed dice, so that the
sum probabilites are the same as for a pair of standard dice.

21. Is it possible to have two non-fairsided dice, with sides numberédhroughn, with the property that
their sum probabilities are the same as for two fagided dice?

22. Is it possible to have two non-fair 6-sided dice, with sides humbetedough6, with a uniform sum
probability? What about-sided dice?

23. Suppose that we renumber three fair 6-sided diteB( C) as follows: A = {2,2,4,4,9,9},B =
{1,1,6,6,8,8},andC = {3,3,5,5,7,7}.

(a) Find the probability that did beats dieB; die B beats die; die C beats dieA.

(b) Discuss.

24. Find every six-sided die with sides numbered from the{$2,3,4,5,6 such that rolling the die twice
and summing the values yields all values between 2 and 12 (inclusive). stanae, the die numbered
1,2,4,5,6,6 is one such die. Consider the sum probabilities of these dice. yDaf #mem give sum
probabilities that are "more uniform” than the sum probabilities for a standiafi\What if we renumber
two dice differently - can we get a uniform (or more uniform than standsuch probability?

2.4 Gameswith Dice

25. Craps The game of craps is perhaps the most famous of all dice games. Thelmgyeby throwing
two standard dice. If the sum of these dice is 7 or 11, the player wins. #uireis 2,3 or 12, the player
loses. Otherwise, the sum becomes the playmiat The player continues to roll until either the point
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comes up again, in which case the player wins, or the player throws 7, imwhie they lose. The
natural question is: what is a player’s probability of winning?

26. Non-Standard Craps We can generalize the games of craps to allow dice with other than six sides.
Suppose we use two (fair)}-sided dice. Then we can define a game analagous to craps in the following
way. The player rolls twa-sided dice. If the sum of these dicerist 1 or 2n — 1, the player wins. If
the sum of these dice 15 3 or 2n, then the player loses. Otherwise the sum becomes the player’s point,
and they win if they roll that sum again before rolling+ 1. We may again ask: what is the player’s
probability of winning?

27. Yahtzee There are many probability questions we may ask with regard to the game tae¥at-or
starters, what is the probability of rolling, in a single roll,

(a) Yahtzee

(b) Four of a kind (but not Yahtzee)

(c) Three of a kind (but not four of a kind or Yahtzee)
(d) A full house

(e) Along straight

() A small straight

28. More Yahtzee What is the probability of getting Yahtzee, assuming that we are trying just i¢atpzee,
we make reasonable choices about which dice to re-roll, and we haeertiis? That is, assume we're
in the situation where all we have left to get in a game of Yahizé&@htzee, so that all other outcomes
are irrelevant.

29. Drop Dead In the game of Drop Dead, the player starts by rolling five standard dicbedé are no
2's or 5's among the five dice, then the dice are summed and this is the plsgeires If there are 2's or
5's, these dice become "dead” and the player gets no score. In eideitha player continues by rolling
all non-dead dice, adding points onto the score, until all dice are dead.

For example, the player might ro]ll, 3,3, 4,6} and score 17. Then they roll all the dice again and get
{1,1,2, 3,5} which results in no points and two of the dice dying. Rolling the three remainirgg tiey
might get{2, 3,6} for again no score, and one more dead die. Rolling the remaing two they neight g
{4, 6} which gives then 0 points, bringing the score to 27. They roll the two dice again, and &t}
which gives no points and another dead die. Rolling the remaining die, they gegf8} which brings

the score t&0. Rolling again, they gef5} which brings this player’s round to an end with points.

Some natural questions to ask are:

(a) What is the expected value of a player’s score?
(b) What is the probability of getting a score@® 1? 207? etc.
30. Threes In the game of Threes, the player starts by rolling five standard dice. Igaime, the threes
count as zero, while the other faces count normally. The goal is to detvassum as possible. On each

roll, at least one die must be kept, and any dice that are kept are adtlesgtayer's sum. The game
lasts at most five rolls, and the score can be anywhere from 0 to 30.

For example a game might go like this. On the first roll the player rolls

2-3-3-4-6
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The player decides to keep the 3s, and so has a score of zero. Theéhodfeedice are rolled, and the
resultis
1-5-5

Here the player keeps the 1, so their score is 1, and rerolls the other tolthe result is
1-2

Here, the player decides to keep both dice, and their final score is 4.

If a player plays optimally (i.e., using a strategy which minimizes the expected eflbeir score), what
is the expected value of their score?

31. Suppose we play a game with a die where we roll and sum our rolls asowg keep rolling larger
values. For instance, we might roll a sequence like 1-3-4 and then rp@dur sum would be 8. If we
roll a 6 first, then we're through and our sum is 6. Three questionstahislgame:

(a) What is the expected value of the sum?

(b) What is the expected value of the number of rolls?

(c) If the game is played with an-sided die, what happens to the expected number of rolls as
approaches infinity?

32. Suppose we play a game with a die in which we use two rolls of the die to ereatedigit number. The
player rolls the die once and decides which of the two digits they want thabratpresent. Then, the
player rolls a second time and this determines the other digit. For instance, ybe plight roll a 5, and
decide this should be the "tens” digit, and then roll a 6, so their resulting nuisbé.

What strategy should be used to create the largest number on averageabut the three digit version
of the game?



Chapter 3

Discussion, Hints, and Solutions

3.1 Single Die Problems

1. On average, how many times musi-aided die be rolled until a 6 turns up?

This problem is asking for thexpectedhumber of rolls until a 6 appears. L&t be the random variable
representing the number of rolls until a 6 appears. Then the probabilit)tkatl is 1/6; the probability
thatX =2is(5/6)(1/6) = 5/36. In general, the probability thaX = & is

5\" 11
— - A
(3) (3.
since, in order foiX to bek, there must bé — 1 rolls which can be any of the numbers 1 through 5, and
then a 6, which appears with probabilty6.

We seek the expectation &f. This is defined to be
E=) nP(X =n) (3.2)
n=1
whereP(X = n) is the probability thatX takes on the value. Thus,
=5\ 6 1 [5)\"
E= - —=—.= - 3.3
;"<6> 6 5 6%”(6) (3:3)
Using Equation B.3 from Appendix B, we can conclude that

6 1 5/6
=5 S A= G/~ (3.4)

Thus, on average, it takéghrows of a die before @ appears.

Here’s another, quite different way to solve this problem. When rolling athlege is al /6 chance that

a6 will appear. If a6 doesn’t appear, then we’re in essence starting over. That is to sayuthber of
times we expect to throw the dice beforé ahows up is the same as the number of additional times we
expect to throw the die after throwing a nén-So we have a /6 chance of rolling a 6 (and stopping),
and a5/6 chance of not rolling a six, after which the number of rolls we expect tontlisdhe same as
when we started. We can formulate this as

E:é+%(E+1). (3.5)
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Solving for E, we find E = 6. Note that Equation 3.5 implicity assumes tliais a finite number, which
is something that priori, we do not necessarily know.

2. On average, how many times musé-aided die be rolled until all sides appear at least once? What
about for ann-sided die?

To roll until every side of the die appears, we begin by rolling once. W tb# until a different side
appears. Since there drsides, this takes, on averag% = 6/5 rolls. Then we roll until a side different

from the two already rolled appears. This requires, on avelg%ge,: 6/4 = 3/2 rolls. Continuing this
process, and using the additive nature of expectation, we see thagragey

6 6 6 6 6 147
14 -4 -F-+-+-=-—- =14
TsTatyte i T 10 ’

rolls are needed until all sides appear at least once. Forasided die, the number of rolls needed, on
average, is

n

n
n n n n 1
1 NP :
Thoith T Z}z ”z;z

For largen, this is approximately: log n.

3. On average, how many times must a pai6<fided dice be rolled until all sides appear at least once?

We can solve this by treating the rolling of the dice adlakov process This means that we view our
game as being always in one of a numbestaftes with a fixed probability of moving from one state to
each other state in one roll of the dice.

We can define our states by the number of sides we have seen appaarHuk, we starts in State 0,
and we wish to end up in State 6, reaching some, or all, of States 1, 2, 3 54admag the way.

On the very first roll, we will move from State O to either State 1 or State 2. We riwo@ate 1 with
probability % since this happens exactly if we roll "doubles”. Otherwise, we move to Qtase we
move to State 2 from State 0 with probabil@%.

Thus, our question can be stated thus: starting in State 0, what is the ekpantber of rolls until we
reach State 6?

We determine th&ransition probabilities the probability of transitioning from one state to another in one
roll. We can create a diagram like this that shows the probability of moving noenstate to each other
state in one roll:

30 4 12 16 2
36 36 36 36 36 1

36 D 36
3
1 9 25
36 36 36

To solve the problem, we createransition matrixfor this process as follows. We let row 1 represent
State 6, and then rows 2 through 7 represent States 0 through 5. Wetrenlike this so that we can use
the method described in Appendix D.
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For this process, we have

1 00 00 O0 O
00 ¢ 200 0
00 & 2 52 0 0

P=10 00 5 g 5 0
000 0 % 5% &
£ 0 0 0 0 § 3
£ 00 0 0 0 2

The matrix/V as described in Appendix D is then

1 6 57 37 43 461

35 56 12 28 154
0 36 21 47 41 463
35 56 42 28 154
9 5 31 329
O08620110
4 7 166

00 0 3 5 35
9 162
00 0 o0 2 &
o0 0 0 0 36

11

Summing the first row we find the expected number of rolls until all six sides bppeared

6 57 37 43 461 70219
+ 35 + 56 + 42 + 28 * 154 9240 709945887445

By looking at the first entry of the second row of powers of the maftjxve can find the probability of
reaching state 6 in a given number of rolls:

10
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rolls | probability of reaching this state in exactly probability of reaching this state on or be-

this number of rolls fore this number of rolls

1 0 0

2 0 0

3 5/324 =~ 0.015432099 5/324 =~ 0.015432099

4 575/5832 ~ 0.098593964 665/5832 ~ 0.11402606

5 22085/139968 ~ 0.15778607 38045/139968 ~ 0.27181213

6 313675/1889568 =~ 0.16600355 1654565/3779136 ~ 0.43781568

7 78924505/544195584 ~ 0.14502967 317181865/544195584 ~ 0.58284535

8 376014275/3265173504 ~ 0.11515905 2279105465/3265173504 ~ 0.69800440

9 61149474755/705277476864 ~ | 553436255195/705277476864 ~
0.086702719 0.78470712

10 | 401672322475/6347497291776 ~ | 2691299309615/3173748645888 ~
0.063280424 0.84798754

11 | 0.045328994 0.89331653

12 | 0.032098630 0.92541516

13 | 0.022567579 0.94798274

14 | 0.015795289 0.96377803

15 | 0.011023854 0.97480189

16 | 0.0076798753 0.98248176

17 | 0.0053441053 0.98782587

18 | 0.0037160115 0.99154188

19 | 0.0025827093 0.99412459

20 | 0.0017945018 0.99591909

21 | 0.0012466057 0.99716570

22 | 0.00086588683 0.99803158

23 | 0.00060139404 0.99863298

24 | 0.00041767196 0.99905065

So we see that there is a less than one in a thousand chance that more ribigswv2duld be needed, for

instance.

Additional question: What if we roll 3 (or greater number) dice at a time? ¥Weanswer that with
another six-state markov process; only the transition probabilities woultheha

(Special thanks to Steve Hanes and Gabe for sending me this nice problem.)

. Suppose we rolt dice and keep the highest one. What is the distribution of values?

Let’s find the probability that the highest number rolledisAmong then dice rolled, they must all show
k or less. The probability of this occuring is

k"
6

However, some of these rolls don't actually have &isy That is, they are made up of only the numbers
1 throughk — 1. The probability of this occuring is

(k—1)"
67’l

so the probability that the highest number rolled is

K — (k — 1)

6n

So, for instance, the probability that,7fdice are rolled, the highest number to turn up willdis

37— 27 2059

~ 0.007355.

67

67

11
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5. Suppose we can roll é-sided die up tar times. At any point we can stop, and that roll becomes our
"score”. Our goal is to get the highest possible score, on averagewldhould we decide when to stop?
If n =1, there is no decision to make; on average our score is 7/2.

If n = 2, we want to stick if the first roll is greater than 7/2; that is, if it is 4 or greaf@herwise, we
roll again. Thus, with = 2, our average score is

1 1 1 3\ 7 17
)4+ (= = ) - == =425
() (&) (5o (5)z -7 -0
If n = 3, we want to stick on the first roll if it is greater than 4.25; that is, if it is 5 oO8herwise, we
are in then = 2 case. Thus, witlhh = 3, our average score is

1 1 4\ 17
- — — | — = 4.666....
(6)5+<6>6+<6)4 666
In general, if we letf(n) be the expected value of our score witholls left, usings-sided dice, we have
the recursion .
Lf(n—1)]

fy ==y Y2

§ J=Lf(n-1)]+1
with (1) = (s +1)/2.
We may then calculate, far= 6, the following table:

n | f(n)
1|7/2=35

2 | 17/4=4.25

3 | 14/3 =4.666..

4 | 89/18=4.944...

5 | 277/54 =5.1296...
10 | 5.6502...

21| 5.95292...

30| 5.9908762...

43| 5.9991472...

Thus, for a 6-sided die, we can summarize the strategy as follows:

e If there are at least 5 rolls left, stick only on 6.
e If there are 4, 3, or 2 rolls left, stick on 5 or 6.
e Ifthere is only 1 roll left, stick on 4, 5 or 6.

6. How many dice must be rolled to have at least a 95% chance of rolling 208%@? 99.9%?
Suppose we rolh dice. The probability that none of them turn up six is

(&)

and so the probability that at least one is a six is
n
- (5> |
6

12
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To have a 95% chance of rolling a six, we need
5 n
1-(=] >0.95

5 108005 os S 6.

"= 1og(5/6)
Hence,n > 17 will give at least a 95% chance of rolling at least one six. Siogé0.01)/log(5/6) =
25.2585. .., 26 dice are needed to have%9%% chance of rolling at least one six. Similarly, since
log(0.001)/log(5/6) = 37.8877. .., 38 dice are needed for@.9% chance.

which yields

7. How many dice must be rolled to have at least a 95% chance of rolling aonde two? What about a
one, a two, and a three? What about a one, a two, a three, a four, arfiva gix?

Solving this problem requires the use of the inclusion-exclusion principah&X®™ possible rolls of:
dice,5™ have no one’s, andl* have no two’'s. The number that have neither one’s nor twaieis™ + 5™
since this would count some rolls more than once: of tH#seolls with no one’s, some have no two’s
either. The number that have neither one’s nor two'isso the number of rolls that don’t have at least
one one, and at least one two is

5"+ 5" — 4" =2.5" —4"

and so the probability of rolling a one and a two witldice is

9. 5" —yn
6™ '

1—

This is an increasing function of, and by direct calculation we can show that it's greater thas for
n > 21. That is, if we roll at leas®1 dice, there is at least3% chance that there will be a one and a
two among the faces that turn up.

To include three’s, we need to extend the method. Obthpossible rolls, there ar&® rolls that have no
one’s,5" that have no two’s, andl* that have no three’s. There ate that have neither one’s nor two’s,
4" that have neither one’s nor three’s, afidthat have neither two’s nor three’s. In addition, there3re
that have no one’s, two’s, or three’s. So, the number of rolls thatt ¢hanwe a one, a two, and a three is

5 4+ 5" 45" — 4" — 4" 4" + 3" =3.5" —3-4" + 3".
Hence, the probability of rolling at least one one, one two, and one three is

3:-5" =344+ 3"
6™ '

1

This is again an increasing functionof and it is greater tha®.95 whenn > 23.

Finally, to determine the probability of rolling at least one one, two, three, five and six, we extend
the method even further. The result is that the probabilfty) of rolling at least one of every possible
face is

=1 Een () (5 o () ) e ()

J

This exceed$.95 whenn > 27. Below is a table showing some of the probabilities for various

13
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n p(n)

6 | 0.0154..
7 | 0.0540...
8

9

0.1140...
0.1890...
10 0.2718...
11 0.3562...
12 0.4378...
13 0.5138...
14 0.5828...
15 0.6442...
16 0.6980...
17 0.7446...
18 0.7847...
19 0.8189...
20 0.8479...
21 0.8725...
22 0.8933...
23 0.9107...
24 0.9254...
25 0.9376...
26 0.9479...
27 0.9565...
30 0.9748...
35 0.9898...
40 0.9959...

8. How many dice should be rolled to maximize the probability of rolling exactlysixie two sixes?n
sixes?

Suppose we rolh dice. The probability that exactly one is a six is

(’31)51171 n5n71
6n 67

The question is: for what value afis this maximal? If. > 6 then (”Gﬂ)f" <

must occur for some < 6. Here's a table that gives the probabilities:

77/5”71
[

, SO the maximum

n5" 1

6n
1/6 = 0.1666...
5/18 =0.2777...
25/72 =0.3472...
125/324 = 0.3858...
3125/7776 = 0.4018...
3125/7776 = 0.4018...

=]

OO WDNPRF

: : .. 312 .
This shows that the maximum probabﬂﬁy%%, and it occurs for both = 5 andn = 6.

For two sixes, the calculation is similar. The probability of exactly two sixes whking n dice is

(3)5”_2 _n(n— 1)5n—2

6™ 2.6m

A quick calculation shows that this is maximal fer= 12 or n = 11.
It seems that for. sixes, the maximal probability occurs wilh and6n — 1 dice. I'll let you prove that.

9. A single die is rolled until a run of six different faces appears. For examguie might roll the sequence
535463261536435344151612534 with only the last six rolls all distincat\ghhe expected number of
rolls?

14
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We may solve this by creating a set of linear recurrence equationsE;Lle¢ the expected number of
rolls from a point where the lastrolls were distinct. We seek,. We have then

Ey=1+4+FE; (3.6)
1 )

By=1+ i+ B+ E (3.8)
2 = 6 1 6 2 6 3 .
By—14 B+ By + 2By + °F (3.9)
3 = 6 1 6 2 6 3 6 4 .
Biml+iB 4 i+ e+ e, 4 28 (3.10)
4 = 6 1 6 2 6 3 6 4 6 5 .

By =1+ By + Byt By + ~Ey+ ~Es + 2, (3.11)
5 = 6 1 6 2 6 3 6 4 6 5 6 6 .

Eg=0 (3.12)

The last zero rolls are distinct only before the rolls have starteflyse 1+ E; since there must be a roll,
and that takes us to the state where the last 1 roll is distinct. Then anotheccoik; at this point, with
probability 1/6 the roll is the same as the last roll, and so we remain in the samestatigh probability
5/6, a different face appears, and then the last two rolls are distincipdttern continues this way.

Thus we have a system of seven linear equations in seven unknowah,igsolvable via many methods.

The result is
416
Ey=— =832
)
411
FEy, =281
396
378
324

Thus, on average, it will take 83.2 rolls before getting a run of six distamzsg.

10. What is the most probable: rolling at least one six with six dice, at least ixas svith twelve dice, or at
least three sixes with eighteen dice? (This is an old problem, frequentlgctathwith Isaac Newton.)

One way to solve this is to simply calculate the probability of each. The probaliliglimg exactlym
sixes when rolling- six-sided dice is
r\5 ™
()%

so the probability of rolling at least sixes when rolling: six-sided dice is

p(m,r) = i (Z) 5(:-

i=m

15
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11.

Grinding through the calculations yields

31031
1.6) = 220 & 0.66510202331961591221
p(1.6) = Toos & 0.6651020233196159
1346704211
9.12) = 0200 ) 61866737373230871348
P(2,12) = Smereonas
15166600495229
18) = ~ 0.597345685947723194
P(3,18) = oo & 0.50734568504772319497

so that we see that the six dice case is the clear winner.

Suppose we rolh dice, remove all the dice that come up 1, and roll the rest again. If \weaethis
process, eventually all the dice will be eliminated. How many rolls, on @esnaill we make? Show, for
instance, that on average fewer th@tlog n) throws occur.

We expect that, on average, 5/6 of the dice will be left after each thropaf8rk throws, we expect to

haven (%)k dice left. When this is less than 2, we have, on average less than 6 throvgs fitfe number

of throws should be, on average, something less than a constaribgime

Let M,, be the expected number of throws until all dice are eliminated. Then, thinkitgmms of a
Markov chain, we have the recurrence formula

1 5% /5\" s n 5
Mn:6n+6n+<6) Mn+z:l(1+Mj)<n—j>6n
j:

which allows us to solve foi/,,:

1+5"+7§(1+Mj)( " )59'

=1 n=J
Mn = 6" — 5N
Here are a few values dff,,.

n M,

1 6

2 | 8.72727272727273
3 | 10.5554445554444
4 | 11.9266962545651
5 | 13.0236615075553
6 | 13.9377966973204
7 | 14.721341596262(
8 | 15.4069434778814
9 | 16.0163673664834
10 | 16.5648488612594
15 | 18.6998719821124
20 | 20.2329362496041
30 | 22.4117651317294
40 | 23.9670168145374
50 | 25.1773086926527

We see thail/,, increases quite slowly, another suggestion tat= O(logn). To show this, suppose
M; < Clogjforall2 < j < n. Then we have

n—1
145" + max{l + 6,1+ Clog(n — 1 < ”‘>y
{ g( )};ég n—j
M, <

6TL_57L
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12.

13.

1+5"
6" — 51

:1+5”+Clog(n—1)(6”—5”—1):C<1_ < Clogn

pr—— > log(n — 1) +

6n _ 5TL
if and only if

o n
- 1 log(n —1) n 1+5 <1
6" — 5 logn C'logn(6™ — 57)

SincelMy/log2 < 13, we may suppos€’ = 13. Itis not hard to show the above inequality holds for all
n, and hencé,, < 13logn forall n > 2.

3.2 DiceSums

Show that the probability of rolling 14 is the same whether we throw 3 dice ares d

This seems like a tedious calculation, and it is. To save some trouble, we eanaosnputer algebra
system to determine the coefficient of* in the polynomials(z + z? + 2® + z* + 2° 4+ 2%)3 and
(x4 22 + 23 + 2* + 2° + 25)° (see Appendix C for an explanation of this method). Theylarand

. - .15 540 )
4 I h I = — = —,
540, respectively, and so the probability in questlo%és P =
Are there other examples of this phenomenon?
Yes. Letp,(t,n) be the probability of rolling a sum afwith n d—sided dice. Then:
2
b p3(572) :p5(573) = §

10
p3(10,4) = p3(10,6) = 31

e p4(9,3) = pa(9,4) = >

32
5
° p6(14,3) :p6(14, 5) = 7
4
e p9(15,2) = pg(15,4) = 30
7

* 20(27,2) = p20(27,3) = 5

Questions: Are there others? Can we firadl of them?

Suppose we rolt dice and sum the highe3t What is the probability that the sum is 187

In order for the sum to be 18, there must be at least three 6’'s amongdite. So, we could calculate
probability that there are 3,4,5,.n.6’'s among the: dice. The sum of these probabilities would be the
probability of rolling 18. Since: could be much greater than 3, an easier way to solve this problem is
to calculate the probability that the sumrist 18, and then subtract this probability from 1. To get a
sum that is not 18, there must be 0, 1 or 2 6's amongntiiice. We calculate the probability of each
occurence:

zero 6's: the probability is%
n—1
one 6: the probability isn5T
n\ gn—2
BE

two 6's: the probability iss=—

6n

17
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14.

Hence, the probability of rolling a sum of 18 is

57 sl (5)5n 2 5\" 9 1
1— = 2 =1—(=) (1+n+-—n?)=
(6” e T (6) ( 50" 50" > p(n)

say. Then, for example(1) = p(2) = 0, p(3) = 1/216, p(4) = 7/432, andp(5) = 23/648.

A fair, n-sided die is rolled until a roll ok or greater appears. All rolls are summed. What is the expected
value of the sum?

The probability that any roll is greater than or equaktis
n+1—k
n
so the expected number of rolls until a roll/obr greater is
n
n+1—k
All but the last one of these rolls is less thiarso the expected value of the sum of these rolls is

<n+71l—k_1> H(g_l)‘

We add to this the expected value of the final roll

k+n
2
and so the expectation of the entire sum is
n 14 (k-1) k+n  n’+n
n+1—k 2 2 2n—2k+2

We can also argue as follows. LEtbe the expected value of the sum. One the first roll, the sum is either
less thark oritis k or greater. If it is less, then we can exprdstike this:

-1 1 —
E = kT( {expected value of rokk k} + E) + %k( expected value of rolb k)

_1 1_
_ k <k+E>+n+ k<k+n>
n 2 n 2

From this we have

k—1

n

o2n(1 — JE=k(k—1)+(n+1—-k)(k+n)=n*+n

from which we find
B n?+n
C2n—2k+2
More explicitly, and without the assumption of the uniform distribution of the dalaes, we may write

’“Zl 1 "
B = (i+E>+ 1

k—1/k n+l1—-%k (k+n
= —+F)+
n 2 n 2

and the rest follows as above.

18
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15. A die is rolled repeatedly and summed. Show that the expected numbés ofttil the sum is a multiple
of nisn.

We can treat this with a few cases. We will use the fact that the expectedenwdfrdodditional rolls until
the sum is a multiple of: depends only on the residue class of the sum module.g., the expected
number of additional rolls until the sum is a multiple of 4 is the same whether the s&ird,id 1, or any
other value congruent to 3 modulo 4).

Letn = 2. Then the expected number of rolls,until the sum is a multiple of. is
1
E=1+=-F
+ 5 1
and )
Ey =1+ §E1
where E; is the expected number of additional rolls from an odd sum (i.e., a sum wemigio 1 mod
2). These equations arise from the fact that half of the vajue, 3,4, 5,6} are even and half are odd,

so there is a one-half chance of the first roll ending in an odd sum, andtfrere, a one-half chance of
staying with an odd sum. These two equations easily ledd t02.

Letn = 3, and letE be the expected number of rolls until the sum is a multiple of three Farehd F,
be the expected number of additional rolls from a sum congruent to 1 odZmbhen we have

1 1
E=1+-FEi+ -FE>

3 3

Ei=14 1B +E
1= 3 1 3 2

Ey=14 1B+ E
2 — 3 1 3 2

As in then = 2 case, the fact thafl,2,3,4,5,6} are uniformly distributed mod 3 results in three
identical expressions, and so we fiRd= F; = F5 = 3.

Then = 4 case is a little different, sincgl, 2, 3,4, 5,6} is not uniformly distributed modulo 4. As a
result, our equations, following the scheme above, are

1 1 1
E:1+§E1+*E2+7E3

3 6
E1:1+éE1+%E2+%E3
E2=1+%E1+éEz+éE3
By=1+ 2By + B+ By

Solving this system, we findl; = 2, E, = 31 B3 = §%, andE = 4.

Then = 5 case is similar. We have

1 1 1 1
F=1+-F —F. —-F - FE
—|-3 1+6 2+6 3+64

1 1 1 1
Fi=1+-F -F —-F -F
1 —|-6 1+3 2—|-6 3+6 4

1 1 1 1
Eo=1+-F -F —FE3+ -F
2 +6 1+6 2+3 5+6 4

1 1 1 1
Es=1+-F -F —-F -F
3 —|-6 1+6 2—|—6 3+34

1 1 1 1
E,=1+-F -F —-F - F
4 +6 1+6 2+6 3+6 4
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16.

which yieldsEy = 1234 F, = 1348 py = 1812 B, = 12% andE = 5.
Forn = 6, we can conclude more easily. Sinfg 2,3,4,5,6} is uniformly distibuted modulo 6, we
havel = £y = Fy = 3 = B4, = E5 and so

5
E=1+-F
+6

and thusEt = 6.

For largern, | will conclude more coarsely, as | have not yet written a solid proofe Buthe uniform
distribution of the die’s values, with > 6, we have, approximately,

e a 2/7 chance of hitting any particular multiple.ofand

e an expected,% rolls are needed between each multiplep§ince the sum increases on average by
7/2 each roll.

Thus, we expect to need, on average, to pass 7/2 multiplesard in between each, an expectﬁg
rolls, and so the expected number of rolls is

rolls.

A curious feature of this is that a uniform distribution of dice values is actumtynecessary to have
rolls be the expected value. A variety of other kinds of die distributionsdapio) yieldn also. So a
question is: what are necessary conditions on the values of a die soithiéie expected number of rolls
until the sum is a multiple of?

A die is rolled once; call the resulV. Then/V dice are rolled once and summed. What is the distribution
of the sum? What is the expected value of the sum? What is the most likely valu

Since each of the possible valugs 2, 3, 4,5, 6} of N are equally likely, we can calculate the distribution
by summing the individual distributions of the sum of 1, 2, 3, 4, 5, and 6 éiaeh weighted b%. We
can do this using polynomials. Let

1
pzé(ac+:v2+:z:3+x4—|—x5+x6).

Then the distribution of the sum is given by the coefficients of the polynomial

b=y

=1
- 27919369["36 * 46613563:35 + 93;129["34 * 34;92"”33 + 15;529["32 * 77776 o 4676756
%ng 31?84"’328 + 632249”27 + 922?2"”26 + 222283625 2332?7)6:624 + 1?224”623
%wﬂ 2§g;8x21 + 311014034:‘”20 + %xlg 21719290376:‘”18 %xn %xw
6391998?11xl5 + 3114130349514 %“’13 12?223612 + 426267556'7["11 %xm %x%

4169 4 493 -, 16807 4 2401 5 @ 343 4y 49 7

pi

S| =

~

wgo—l-

_l’_

1
3, o L
033127 T 11664" T 279936° T 466567 T 7776° T 1206 216" T 36"
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17.

To get the expected valug, we must calculate
36
E =) id
i=1

36
4 . 49
whereD = Z d;z". This works out taF = -4 = 1225

=1
More simply, one can calculate the expected value of the sum as followg, theifiact that the expected
value of a single roll is 3.5:

1
E:6(3.5—1—2><3.5—|—3><3.5+--~+6><3.5):12.25.

Coefficients of D

~5M—0—=—D® 0O
*
*

*
Ok””""'”””l """"""""" N R Tt | I i '%*'%%*'%
5 10 15 20 25 30 35

You can see from the plot of the coefficients Dfthat 6 is the most likely value. It is perhaps a bit
surprising that there are three “local maxima” in the plot, at6, 11, and14.

A die is rolled and summed repeatedly. What is the probability that the sumvetilbe a given value?

Let’s start by considering 2-sided dice, with sides numbered 1 and 2(kgbe the probability that the
sum will ever bex. Thenp(1) = 1/2 since the only way to ever have a sum of 1 is to roll 1 on the first
roll. We then havey(2) = 1/2 + 1/2p(1) = 3/4, since there are two mutually exclusive ways to get a
sum of 2: roll 2 on the first roll, or roll a 1 followed by a 1 on the secont fow, extending this idea,
we have, forz > 2,

p(z) = %p(z -1)+ %p(m —2). (3.13)

This equation could be used to calculate:) for any given value of:. However, this would require
calculatingp for all lower values. Can we get axplicit expression fop(z)?

Equation 3.13 is an example oflimear recurrence relation One way to get a solution, or explicit
formula, for such a relation is by examining thexiliary equation for equation 3.13:

2—7 —
T —296—1-2
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or

The roots of this equation are
1
a=1landf = —3

A powerful theorem (see Appendix E) says that

p(n) = Ao+ Bp" = A+ B (—;)n

for constantsA and B. Sincep(1) = 1/2 andp(2) = 3/4 we can solve ford and B to find that

( ) 2 n 1 1\"
n)y=—-——4+—-|——= .
p 373\ 2
For 3-sided dice, we have

with, for n > 3,

p() = 5 (pln = 1) +pln = 2) +pln = 3) = 3 3" pln =),

Wl

The characteristic equation for this recurrence equation can be written
32— —2x—-1=0

which has roots

1 V2 1 V2
Qo , B 3 3 b and~y 3 + 3 !
Using these, and the fact that
1 4 16
1 = — 2 = — = —
p(1) = 3,p(2) = 5, andp(3) = o,
we find L1 1
p(n):§+15 T

Since and~ are complex conjugates, and, in any casge,) is always real, we might prefer to write

p(n) like this: .
p(n) = % + % <\}§> cos <n (g +tan~! %))

Using this formula to generate a table, we see that wi{itg is asymptotic to the value 1/2, it wobbles
quite a bit:
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p(z) p(z) —p(z —1)
0.3333333333333333333333333333

0.4444444444444444444444444400 1111111111111111111111111111
0.59259259259259259259259259p%.1481481481481481481481481481
0.45679012345679012345679012340.1358024691358024691358024691
0.4979423868312757201646090534.04115226337448559670781893002
0.5157750342935528120713305808).01783264746227709190672153636
0.49016918152720621856424325560.02560585276634659350708733424
0.501295534217344916933394290®.01112635269013869836915104404
0.502413250012701315856322715®.001117715795356398922928415384
10 | 0.49795932191908415045132009010.004453928093617165405002624938
11 | 0.50055603538304346108034570/L%.002596713463959310629025611496
12 | 0.50030953577160964246266283550.0002464996114338186176828660183
13 | 0.49960829769124575133144287570.0007012380803638911312199598200
14 | 0.5001579562819662849581504709.0005496585907205336267075952194
15 | 0.50002526324827389291741872[740.0001326930336923920407317435396
16 | 0.49993050574049530973567069/130.00009475750777858318174803604667
17 | 0.500037908423578495870413296.0001074026830831861347426052109
18 | 0.49999789247078256617450090510.00004001595279592969591239145842
19 | 0.49998876887828545726019496/30.0000091235924971089143059407647122
20 | 0.50000818992421550643503638870.00001942104593004917484142432929

Let's skip over 4- and 5-sided dice to deal with 6-sided dice zl(e} be the probability that the sum will
ever ber. We know that:

OO ~NOULh WNPRS

1 49
(1) = =L
+ 570 = 516
343

P(3) + gp(2) + cp(1) =

1
6
1 1 1 1 2401
“p(4) + = “p(2) + =p(1) = ———
Zp(4) + <p(3) + <p(2) + Tp(1) =
)

1 1, 16807

P4 + £p(3) + gp(2) + gp()

6 6 46656

and forz > 6,

Here’s a table of the values pfx) andp(x) — p(z — 1) for x < 20:
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p(z) p(z) —p(z —1)
0.1666666666666666666666666666
0.1944444444444044040440444408 027 TTTTTTTTTITTITITTITITTI7T7
0.22685185185185185185185185(L8.03240740740740740740740740740
0.264660493827160493827160493®.03780864197530864197530864197
0.3087705761316872427983539004.04411008230452674897119341563
0.360232338820301783264746227 D.05146176268861454046639231824
0.25360439529035208047553726560.1066279435299497027892089620
0.2680940167276329827770156988.01448962143728090230147843316
0.280368945441497739165777574%.01227492871386475638876187573
10 | 0.2892884610397720537180985283.008919515598274314552320953784
11 | 0.2933931222418739803665882000.00410466120210192664848967241§
12 | 0.29083021326023843662796058260.00256290898163554373862761811[7
13 | 0.27926319233356121218849630840.01156702092667722443946427417
14 | 0.283539658507429400807322815%.004276466173868188618826507133
15 | 0.2861139321373954704790406683.002574273629966069671717852795
16 | 0.2870714299200450923645845173.0009574977826496218855438489728
17 | 0.28670192473342393213899884880.0003695051866211602255856684957
18 | 0.28558672514868225743440062850.00111519958474167470459822531/4
19 | 0.28471281046342289423547396370.0008739146852593631989266598476
20 | 0.285621080151733174576636906D.0009082696883102803411629425406

Notice thatp(z) seems to be settling down on a value of abi)utet’s prove the following (proof idea
from Marc Holtz):

OO ~NOULh WNPRS

2
lim p(z) = =

T—00
First, let's define a sequence of vecto(s):
U(Z) = (p(Z),p(’L - 1)7p(i - 2)7p(i - 3),]?(’6 - 4),]9(71 - 5)>

If we then define the matrix M:

O O O O ol
SO O = OO
O O = O ool
SO = O O oo
— O O O oo
SO O O oo

Then it's not hard to show that
Muv(i) =v(i+1)
What we are interested in, thenfig>v(j) = lim v(i), wherej is any finite value (but we may as well
1—00
take it to be six, since we've calculatedl ),...p(6) already
Note that each entry of M is between 0 and 1, each row/cums to one, and/% has no zero entries:

16807 9031 7735 6223 4459 2401
46656 46656 46656 46656 46656 46656

2401 2401 1105 889 637 343
7776 7776 7776 7776 7776 7776

343 343 343 127 91 49
6 1296 1296 1296 1296 1296 1296
M = 49 49 49 49 13 7

—_
=]

216 216 216 216 216 2

o= %~
o= El~
o= g~
o= %~
o= El~
ol El=
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So, we can considéev/ to be a transition matrix of a regular Markov system. Heh£® is a matrix with
all identical rows given by the vectar where the sum of the entries efequals 1, and

wM = w.

A little simple algebra shows that

/25 41 2 1
YE\7Toroarr o !

Hence,w(oo) is a vector of six identical probabilities equal to

2
Thus, lim = —.
1m 7

1—00

More questions:

(a) Notice that whilep(x) is settling down on%, it does so quite non-monotonically(z) increases
to its maximum atr = 6, and then wobbles around quite a bit. Is the sequexiteeventually
monotonic, or does it always wobble?

18. A die is rolled once. Call the resuly. Then, the die is rolledV times, and those rolls which are equal
to or greater thanV are summed (other rolls are not summed). What is the distribution of Hudtirey
sum? What is the expected value of the sum?

This is a perfect problem for the application of the polynomial representafithe distribution of sums.
The probability of a sum of is the coefficient orx* in the polynomial

1/1 1/1 2
6<6(:U+x2—|—x3—|—:n4—|—x5+x6)>—|—6<6(1+x2+:p3+x4—|—x5+x6)) +
1
6

1/1 > 1/1 6
i ] 5 6 i 6
6<6(+$+m)> +6<6(—|—x)
__ 1 36 L 30 5 2 5 5
= 2700367 T 7m6Y T a6656° 233287 T 23328°
99 94, 13 o3 SIS § S| 67 o0, 1 19
311047 T3’ T 1206% T o2016% T233os” Tae® T
L7 48, 23 47, 7 16, 16 15 1 14 1 13
60081° T 1206”7 Tass® T720" Tyt Tt Tt
6781 ,, 47 4, 37T 45 67 o 19 ¢ 1 -
033127 T 720" Tis32” T1206" Taz2® T3t T
8077 g, 565 5 T 4 5 g 1, 1 0 27700
16656" " 5332 108" T 108" T 27" T 36" T 279936

So, that’s the distribution.

The expected value is simply the sumidgimes the coefficient or’ in the distribution polynomial. The
result is13 = 7.38888....

1/1 L
((2+x3+:ﬂ4+1‘5+x6)> +6(

4
s (3+x4+x5+x6)> +

! x
46656

)

25
16656 +

28+ 27+ 26+
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19.

20.

21.

3.3 Non-Standard Dice

Show that the probability of rolling doubles with a non-fair (“fixed”) die is gter than with a fair die.

For a fair, n-sided die, the probability of rolling doubles with it is x % = l. Suppose we have a

“fixed” n-sided die, with probabilitieg, ..., p, of rolling sidesl through#respgctively. The probability
of rolling doubles with this die is

Pt P

_ 1 . L
We want to show that this is greater than A nice trick is to let
n

1
€ :pi—ﬁfori: 1,....n.

Then

Now, sincep; + - - - + p,, = 1, we can conclude that + - - - + ¢, = 0. Hence,
2 2 2 2 1 1
Pit-dpn=ct g+ o>
precisely when not all the’s are zero, i.e. when the die is “fixed”.

Find a pair of 6-sided dice, labelled with positive integers differently from thedstad dice, so that the
sum probabilites are the same as for a pair of standard dice.

Number one die with sides 1,2,2,3,3,4 and one with 1,3,4,5,6,8. Rolling these twondisetltge same
sum probabilities as two normal six-sided dice.

A natural question is: how can we find such dice? One way is to considpotieomial
(x4 2% + 23 + 2% + 25 + %)%
This factors as
(1 +2)*(1 + x + 2%)%(1 — 2 + 2%)2

We can group this factorization as
(z(1+2)1+z+2%) (z(l+2)(1+z+2°)(1 — 2 +2?)?)

= (z+222+ 223 + 2N (z + 23 + 2t + 2° + 25 + 2B).
This yields the “weird” dice (1,2,2,3,3,4) and (1,3,4,5,6,8). See Appendix @éwe about this method.

See [1] for more on renumbering dice.

Is it possible to have two non-fair-sided dice, with sides numberédhroughn, with the property that
their sum probabilities are the same as for two faisided dice?

Another way of asking the question is: suppose you are givermbsioled dice that exhibit the property
that when rolled, the resulting sum, as a random variable, has the sanadititgldistribution as for two
fair n-sided dice; can you then conclude that the two given dice are fair? Thistign was asked by
Lewis Robertson, Rae Michael Shortt and Stephen Landry in [2]. Erewer is surprising: yooan
sometimes, depending on the valuewofSpecifically, ifn is 1,2,3,4,5,6,7,8,9,11 or 13, then twesided
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dice whose sum “acts fair” are, in fact, fair.sifis any other value, then there exist pairswedided dice
which are not fair, yet have “fair” sums.

The smallest example, with = 10, gives dice with the approximate probabilities (see [Rob 2] for the
exact values)
(0.07236,0.14472,0.1,0.055279, 0.127639, 0.127639, 0.055279, 0.1, 0.14472,0.07236)
and
(0.13847,0,0.2241,0,0.13847,0.13847,0,0.2241,0,0.13847).
It's clear that these dice are not fair, yet the sum probabilities for thenther same as for two fair
10-sided dice.

22. Is it possible to have two non-fair 6-sided dice, with sides numbgnmlough 6, with a uniform sum
probability? What about-sided dice?

No. Letpy, po, p3, pa, ps andpg be the probabilities for one 6-sided die, andq-, g3, g4, g5 andgg be the
probabilities for another. Suppose that these dice together yield sums wWamuprobabilities. That is,
supposeP(sum = k) = ; for k = 2,...,12. Then

q 1
= — an = —.
Piqa 11 Pe6ds6 11
Also, .
= P(sum = 7) > pige + pedi
S0
1 n 1 < 1
Pltpe " P11, S 11
i.e.,
be D1
Now, if we letz = %’ then we have
1
r+—<1
X

which is impossible, since for positive realx + % > 2. Thus, no such dice are possible.
An identical proof shows that this is an impossibility regardless of the nunftsdes of the dice.

23. Suppose that we renumber three fair 6-sided dideR, C) as follows: A = {2,2,4,4,9,9},B =
{1,1,6,6,8,8},andC = {3,3,5,5,7,7}.

() Find the probability that died beats dieB; die B beats dieC; die C beats dieA.
(b) Discuss.

The probability thatd beatsB can be expressed as

BIORGIERGIS

The thinking behind this goes like this: the probability of rolling a 2 withs 2/6, and if a 2 is rolled,
it will beat B with probability 2/6. The probability of rolling a 4 withl is 2/6, and it will beatB with
probability 2/6. The probability of rolling a 9 with is 2/6, if it will beat B with probability 1.
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Similarly, the probability tha3 beatsC' is

2 4 2 )
Z _ Z 1) = =
OIOMOLE
and the probability that’ beatsA is

OG-

Thus, each die beats another with probability greater than 50%. This i;xyea@ounterintuitive notion;
this shows that "beats”, as in "die 1 beats die 2" is not transitive.

Lots of questions arise. What other sets of "non-transitive” dice assiple? What is the fewest number
of sides necessary? For a given number of sides, what is the minimumblpassiximum face value
(e.g., in the set given above, the maximum face value is 9)? For a giverenwidides, and a bound on
the face values, how many sets of transitive dice are there? What atewith more than three dice?

24. Find every six-sided die with sides numbered from the{$e,3,4,5,6 such that rolling the die twice
and summing the values yields all values between 2 and 12 (inclusiveindtance, the die numbered
1,2,4,5,6,6 is one such die. Consider the sum probabilities of these dice. yDof dhem give sum
probabilities that are "more uniform” than the sum probabilities for a standdre? What if we renumber
two dice differently - can we get a uniform (or more uniform than standard) grobability?

The numbers 1, 2, 5 and 6 must always be among the numbers on the deyraksef 2, 3, 11 and 12
would not be possible. In order to get a sum of 5, either 3 or 4 must beeati¢halso. The last place on
the die can be any value {1,2,3,4,5,6. Hence there are 11 dice with the required property. Listed with
their corresponding error, they are:

1,2,4,5,6,6
1,2,4,5,5,6
1,2,4,4,5,6
1,2,3,5,6,6
1,2,3,5,5,6
1,2,3,4,5,6
1,2,3,3,5,6
1,2,2,45,6
1,2,2,3,5,6
1,1,2,45,6
1,1,2,3,5,6

0.0232884399551066
0.0325476992143659
0.0294612794612795
0.0232884399551066
0.026374859708193

0.0217452300785634
0.0294612794612795
0.026374859708193

0.0325476992143659
0.0232884399551066
0.0232884399551066

The error here is the sum of the square of the difference betweenttd poobability of rolling each
of the sums 2 through 12 and 1/11 (the probability we would have for eanhifsre had a uniform
distribution). That is, ifp; is the probability of rolling a sum afwith this die, then the error is

12
1 2

Z(pz - ﬁ) .

=2
Note that the standard die gives the smallest error (i.e., the closest torusifion).
If we renumber two dice differently, many more cases are possible. Gnefpdice are 1,3,4,5,6,6
and 1,2,2,5,6,6. These two dice give all sum values between 2 and 12, wéiran(as above) of
0.018658810325477, more uniform than the standard dice. The be$bvdiear-uniformity are 1,2,3,4,5,6
and 1,1,1,6,6,6 which yield all the sums from 2 to 12 with near equal probabildyrtibability of rolling
7 is 1/6 and all other sums are 1/12. The error is 5/792, or about 0.00631.
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25.

3.4 Gameswith Dice

Craps What is the probability of winning a round of the game Craps?
The probability of winning a round of craps can be expressed as

P(rolling 7 or 11) + Z P(rolling b) P(rolling b again before rolling Y.
b€{4,5,6,8,9,10}

We now evaluate each probability. The probability of rollings 3% = % and the probability of rolling
11is 2 = . Hence,
6 2 2
P(rolli 11)=—+ —=-.
(rolling 7 or 11) 6 + %9
The following table gives the probability of rolling for b € {4,5,6,8,9,10}. (This is the probability

of b becoming the “point”.)

3/36 =1/12
4/36=1/9
5/36

5/36

4/36 =1/9
0 | 3/36=1/12

= © 0o 0 M

Finally, we need to determine the probability of rollihdefore rolling7. Let p be the probability of
rolling b on any single roll. Rolling before roling7 involves rolling some number of rolls, perhaps zero,
which are noth or 7, followed by a roll ofb. The probability of rollingk rolls which are not or 7,

followed by a roll ofb is
1\" 5 F
1l—p—-= =|=- :
(tr5) o= (Gr) v

Sincek may be any non-negative integer value, we have
o0 5 k D
P(rolling b before rolling 7) = ( — p> p=——.
( ) kZ:O 6 R

See Appendix B for some formulas for simplifying series such as the oneaBoother way of looking
at this is that the probability of rolling before rolling a 7 is the conditional probability of rolliggiven
that eithem or 7 was rolled.

We can calculate the following table:

b P(rolling b) P(rolling b again before rolling Y  P(rolling b) P(rolling b again before rolling Y
4 1/12 1/3 1/36

5 1/9 2/5 2/45

6 5/36 5/11 25/396

8 5/36 5/11 25/396

9 1/9 2/5 2/45

10 1/12 1/3 1/36

Thus, the probability of winning a round of craps is

N A A

9 36 45 396 396 45 36 495

Since% = 1 L the odds are just slightly against the player.
495 2 990
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26. Non-Standard Craps We can generalize the games of craps to allow dice with other than six sides.
Suppose we use two (fair}sided dice. Then we can define a game analagous to craps in the following

way. The player rolls twa-sided dice. If the sum of these diceuis- 1 or 2n — 1, the player wins. If the

sum of these dice & 3 or 2n the player loses. Otherwise the sum becomes the player’s point, and they

win if they roll that sum again before rolling + 1. We may again ask: what is the player’s probability
of winning?

For twon-sided dice, the probability of rolling a sum of+ 1 is

n 1
Pn+1)=— =~
(nt+1)=—5=_
and the probability of rolling a sum @ — 1 is
P(2n—1) = —.
In general, the probability of a sum bfis
n—l|k—n-—1|

Hence, the probability of winning a round of Craps wittsided dice is

We have the following table:

n Pn

3 5/9 = 0.55555...

4 15/28 = 0.535714...

5 461/900 =0.512222...

6 244/495 = 0.492929...

7 100447/210210 = 0.477841...

8 37319/80080 = 0.4660214...

9 2288779/5012280 = 0.456634...
10 23758489/52907400 = 0.449057....
20 0.415459...

30 0.404973...

50 0.397067...

100 0.391497...
1000 0.386796...
10000 0.386344...
100000 0.386299...

It certainly appears that, approaches a limit as approaches infinity.

27. Yahtzee There are many probability questions we may ask with regard to the ganfehttee. For
starters, what is the probability of rolling, in a single roll,

a) Yahtzee
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b) Four of a kind (but not Yahtzee)
c) A full house
d) Three of a kind (but not Yahtzee, four of a kind or full house)

e) A long straight
f) A small straight
These questions arento tricky, so I'll just give the probabilities here:

6 1
(a) Yahtzee: = = —— ~ 0.07716%

6° 1296
()65 25
i ) = ~ 1.
(b) Four of a kind (but not Yahtzee): & 1296 1.929%
53-6-5 25
Afull h —— = —— = 3.
(c) Afull house & 618 3.858%

(d) Three of a kind (but not Yahtzee, four of a kind or full house) :

5
(3)’6'5'4_2iw
G = 1gp ~ 15:432%

_5

162

() A small straight (but not a long straight):
2(4!-(6-1)-5)+4!-(6-2)-5 1680 35

= — =~ 21. .
6° 6° 162 60%

... 25!
(e) Along stralght:F ~ 3.086%

28. More Yahtzee What is the probability of getting Yahtzee, assuming that we are trying just t¢edptzee,
we make reasonable choices about which dice to re-roll, and we hage thlis? That is, if we're in
the situation where all we have left to get in a game of Yahtzee is Yahtzek,ofloea outcomes are
irrelevant.

This is quite a bit trickier than the previous questions on Yahtzee. The difficare lies in the large
number of ways that one can reach Yahtzee: roll it on the first roll; oolt bf a kind on the first roll and
then roll the correct face on the remaining die, etc. One way to calculatadabeakility is to treat the
game as Markov chain(see Appendix D for general information on Markov chains).

We consider ourselves in one of figeatesafter each of the three rolls. We will say that we are in state
b if we haveb common dice among the five. For example, if a roll yiel@d56, we'll be in statel; if

a roll yields11125, we'll be in state3. Now, the goal in Yahtzee is to try to get to staten three rolls

(or fewer). Each roll gives us a chance to change from our initial stedebetter, or equal, state. We can
determine the probabilities of changing from state statej. Denote this probability by?; ;. Let the0
state refer to the initial state before rolling. Then we have the following fiétyamatrix:

120 900 250 25

‘ -

0 1296 1296 1296 1296 1296

0 120 900 250 25 1
1296 1296 1296 1296 1296

0o o0 120 8 15 1

_ (D 216 216 216 216

P=(P;) = 0 0 ) P (3.14)

36 36 36

0 0 0 0 5 3

0 0 0 0 0 1
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29.

The one representings 5 indicates that if we reach yahtzee, statbefore the third roll, we simply stay
in that state. Now, the probability of being in statafter3 rolls is given by

Z Poiy Py jio Piy 5 = (M3)1,5

where the sum is over all triplé$; , i2,i3) with 0 < i; < 5. Calculating)/? gives us the probability

2783176 347897
610 7558272

~ 0.04603.

347897 1 347897

Since = — — ——— aplayer will get Yahtzee about once out of every twenty-one attempts.
7558272 21 7558272 play 9 y Yy p

Drop Dead

(a) What is the expected value of a player’'s score?
(b) What is the probability of getting a score@® 1? 10? 20? etc.

(a) The player begins with five dice, and throws them repeatedly, untilagoade left. The key factor in
calculating the expected score is the fact that the number of dice beingtlet@amges. When throwing
n dice, a certain number may “die” (i.e. come up 2 or 5), and lgaven-dead dice. The probability of

this occuring is
n \ 2" 747
po- ()2
n—7j 6

The following table gives’, ; for n and; betweer) and5.

n\j 0 1 2 3 4 5

1 13 23 0 0 0 0

2 19 49 4/9 0 0 0

3 127 627 1227 827 0 0

4 1/81 8/81  24/81 32/81 16/81 O

5 1/243 10/243 40/243 80/243 80/243 32/243

When throwingn dice, the expected sum3shn, if none of the dice come upor 5. Let E(n) represent
the expected score starting withdice (so we're ultimately concerned with(5)). ConsiderE(1).
Rolling a single die, the expected score is

E(l) = 3.5P1,1 + E(l)PLl.

Thatis, in one roll, we pick up.5 points, on average, if we don’t “drop dead” (so we §étP; ; expected
points), and then we're in the same position as when we started (so we plek Up; ; expected points).

We can solve this equation to get
2 7
El)=3-(= =T.
=2 (5)(3) -7

Now, suppose we start withdice. The expected score is
E(2)=(2-35+4+E(2)) P2+ E(1)Pa;.

That is, on a single roll, we pick ub- 3.5 points on average if none of the dice “die”, in which case we're
back where we started from (and then expect to pick up E(2) poimt®xactly one of the dice "die”,
and so we expect to pick u(1) points with the remaining die. This equation yields

56

(7P2,2 + E(l)PQJ) = —.

E() -

T 1- Py
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Continuing in this way, we have the general equation

E(n)=35-n-Pun+ > E(j)Pn;
j=1

which we can rewrite as

n—1
1
n,n 7j=1

With this formula, we can calculat&(n) for whatever value of. we want. Here is a table df(n):

E(n)
7

56 _
% —11.2

n
1
2
3 | 132 ~13.70526
4
5
6

3752
3152 ~ 15.19028

837242
37242 ~ 16.06466

1942 ~ 16.57583
9932935945754444
10 577645434482545 17.19556

20 | =~ 17.26399

30 | = 17.26412371400800701809841213
100 | ~ 17.26412423601867057324993502
250 | ~ 17.26412422187783220247082379

18 x x I I I N
b0 000000000000000000000

12 - -

10 - -

So we see that a game of Drop Dead, using 5 dice, will have, on averagere of about6.06.

Further questions: Notice that if we play the game with more than 5 dice, the expected score dibes no
increase very much. In fact, it appears as if there isigper boundon the expected score; that is, it
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seems that there is sonfieso thatF(n) < B for all n. What is the smallest possible value 87 Also,
we expectt(n) to always increase asincreases. Can we prove this is so?

(b) Calculating the exact probabilities of scores seems to be a bit of a garedsiest score to work out
is zero. To get zero, the player must roll at least one 2 or 5 on eviryfree define a Markov process,
with states 0, F, 5, 4, 3, 2, 1 (in that order), where 0 means a scoremhas been achieved, F means a
score greater than 0 has been achieved, and 5 through 1 are th& curméer of dice being rolled, we
have the following transition matrix:

1 0O 0 O 0 0 0
0 1 0 0 0 0 0
1 32 y 8 8 40 10
243 243 243 23 243 243
Py = 1 16 9 32 8 8
81 81 81 27 8
L 32 0 0 0 4 2
27 27 9 9
é § 0 0 0 0 3
3 z 0 0 0 0 0

Since the games takes at most five rolls, the fifth power of this matrix tells uswehaant to know:

1 0 00 00O

0 1 0O 0 0 0O
978853 3804116

1752069 4752969 00000

pPo = | Ales 158 000 0 0
0 19683 19683

243 543 0O 0 0 0O

a 200000

3 2 00000

973853 978353

rois—— = ———, which is about
4782969 314

Thus we see that the probability of achieving a score of ze
0.2046538457598....

The probability of achieving a score of 1 is calculatable in a similar way. Oositian matrix is

1 00 0 0 0 0
0O 1.0 0 0 0 0

o & o 8 8 40 10

%% 243 243 243 243
Plzogflloo%%é
ogooog2

0 ¢ 0 0 0 0 3

& £ 0 0 0 0 O

A note on this lower-left most entry: once the player has only one die lefg, iage a 1/6 chance of
rolling a one; but then, the die must die, which occurs with probability 1/3.celéime 1/18 probability of
getting a score of 1 after the state of one die is attained.

Raising this matrix to the fifth power yields

1 0 00 0O0O
0 1 0 00O00O
305285 4477684
s_ | TR TR 0 0o o o
79 prE 00 00O
8 b7 00 0O0O
= T 00000
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and thus the probability of a score of 1 in this gam&(§285/14348907 = 0.0212758365497804118....

Scores higher than 1 are more difficult, since it will not be necessaryatire single die. On the other
hand, to achieve a score of there can be at most+ 4 rolls, so the problem is finite. Appendix F has
experimental data for comparison to any exact calculations you might attempt.

30. Threes Inthe game of Threes, the player starts by rolling five standard dice.digdme, the threes
count as zero, while the other faces count normally. The goal is to detea sum as possible. On each
roll, at least one die must be kept, and any dice that are kept are amdin player's sum. The game
lasts at most five rolls, and the score can be anywhere from 0 to 30.

For example a game might go like this. On the first roll the player rolls
2-3-3-4-6

The player decides to keep the 3s, and so has a score of zero. Thehoémedice are rolled, and the
result is
1-5-5

Here the player keeps the 1, so their score is 1, and rerolls the other two e result is
1-2

Here, the player decides to keep both dice, and their final score is 4.

If a player plays optimally (i.e., using a strategy which minimizes the expeated of their score), what
is the expected value of their score?

This is certainly best analysed in reverse.
Suppose we are rolling one die. Then the expected value of the result is

1+2+0+4+5+6

=3.
6

Suppose we roll two dice. The rules require that we keep at least@otaly we must keep the lower
of the two. The questions is whether to keep the other one. If we dorptikesur expected value from
it will be 3 when we reroll. Hence, we should keep itifitisa 3,a 1, ora 2.

Following this method, the expected value with two dice is expressible as

158 79

6 6

i
36
Suppose we roll three dice. We must keep the lowest die, so we needde ddwther to keep either of
the other two dice. Obviously, if we keep only one of them, we would keep therlone. Call the three
dice
dy < dp < ds.
Then if we keep botll; andds, our sum isd, + ds. If we reroll onlyds, then our expected sumds + 3.
If we reroll bothd, andds, then our expected sum is 4.3888... . Thus we want to choose the option so

that our expected sum is
min{d2 + ds, do + 3, EQ}

Analyzing this, we find that itl; > 4, we should reroll both. It = 3, we should keep both i3 < 3.
If do = 2, then we should keegh; if d3 = 2; otherwise we should reroll both. (This is the surprising part
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of the optimal strategy: a two is not necessarily keepable by itself, buhdspm the value of other die.)
If do =1 andds = 1 or 2, keep both; otherwise, kedp and rerollds.

The calculation of the expected value with three dice can be expressed as

1 & 2261
‘77
=0

where the sum skips 3, amld < ds < ds is {4, j, k} sorted in increasing order.
Continuing in this way, the expected value with four dice can be expressed a
6 /

1 .
FEy = @ E d1—l-mln{dg+d3+d4,d2+d3+3,d2+E2,E3}) =
,7,k,l
0

1663107

G = 5.833858...

where the sum skips 3, amld < dy < d3 < d4is{i, 7, k,l} sorted in increasing order.
Finally, the expected value with five dice can be expressed as

6 ! 5
1 .
Bs== Y (dl+mln{§ jdn,dz+d3+d4+3,dz+d3+Ez,d2+E37E4}>
klm n=2

1]
13613549985
= T

where the sum skips 3, amld < dy < ds < d4 < d5is{i, 7, k,l,m} sorted in increasing order.

= 6.253978525....

Thus, the expected score in this game, played with an optimal strategy, isGaP5898.

But, what is the optimal stategy? It is essentially encoded above, but istihesee simple statement? A
small simplification is made by noting that a sum of integers is less than, say38.388nly if the sum

is less than or equal to 4. So tlig values that appear in the sums above can be replaced by their integer
parts.

It is a tricky strategy to paraphrase. Consider that if you roll 3-323-2eu should keep all the dice,
but if you roll 3-3-2-2-2, you should reroll the 2s, sin6e> E3 = 5.233796... . The strategy is not
summarizable to a “this die or less should always be kept ori"reimplicity.

A further question: what is the probability of getting a score of zero? Tikstion has more than one
interpretation: (a) what is the probability of getting a score of zero if playgag the "optimal” strategy
above, and (b) what is the probability of getting a score of zero if the pldyes everything possible to
get a score of zero (i.e., keeps only 3s as long as possible).

(Special thanks to David Korsnack for inspiring me to look into this problemd, far providing some
numerics with which | could compare my calculations.)

31. Suppose we play a game with a die where we roll and sum our rolls as long &eep rolling larger
values. For instance, we might roll a sequence like 1-3-4 and then &llsa our sum would be 8. If we
roll a 6 first, then we’re through and our sum is 6. Three questions ettisigame:

(a) What is the expected value of the sum?
(b) What is the expected value of the number of rolls?

(c) If the game is played with an-sided die, what happens to the expected number of rolls as
approaches infinity?
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We can consider this game as a Markov chain with an absorbing state. tnseler the state to be the
value of the latest roll, or O if the latest roll is not larger than the previoes thren we have the following
transition matrix:

1 0 0 0 0 0 O
1/6 0 1/6 1/6 1/6 1/6 1/6
2/6 0 0 1/6 1/6 1/6 1/6
P=1|3/60 0 0 1/6 1/6 1/6 (3.15)
46 0 0 0 0 1/6 1/6
56 0 0 0 0 0 1/6
1 0 0 0 0 0 O

Using the notation of Appendix D, we have

0 1/6 1/6 1/6 1/6 1/6

0 0 1/6 1/6 1/6 1/6

o o o 16 176 1/6
=10 0 0o 0o 1/6 1/6
O 0 0 0 0 1/6

0O 0 0 0 0 O

1/6 7/36 49/216 343/1296 2401/7776
1 1/6 7/36  49/216  343/1296
1 1/6 7/36 49/216
0 1 1/6 7/36

0 0 1 1/6

0 0 0 1

OO OO O

0
0
0
0

The row sum ofV is
16807/7776

2401,/1296
343/216
49/36
7/6
1

and so the expected number of rolls before absorbtion (i.e., the numhaisahat count in the sum) is

(1/6) (16807/7776 + 2401/1296 + 343/216 + 49/36 + 7/6 + 1) = 70993/7776 ~ 1.521626

We useN to calculate the expected sum as well. If the first roll is a 1, the expectedvilioe

1 7 49 343 2401
14+92.2 R . . =
+ 6 3 36 * 216 5 1296 6 7776

In fact, for any first roll, the expected sum is 6. Hence, the expectads6.

6.

Now, suppose the game is played withrasided die. LetF be the expected number of rolls. LEt )
be the expected number of rolls if the first rolljisThen,

L ()

. 1. |
EGj)=1+-EG+1)+-EG+2)+---+—
n n n
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32.

and so ) ) .
E(j+1):1+EE(j+2)+EE(j+3)+--~+—E(n)

from which we can conclude

E(j) = <1 + i) E(j +1).

E(j) = <1 + i)n_j.

SinceE(n) = 1, we have

Thus,

()2

lim F=e—1=1.718281828459....

n—oo

And so we see that

Suppose we play a game with a die in which we use two rolls of the die to createdigitvnumber. The
player rolls the die once and decides which of the two digits they want thabrodipresent. Then, the
player rolls a second time and this determines the other digit. For instanceldlier might roll a 5, and
decide this should be the "tens” digit, and then roll a 6, so their resulting nemn56.

What strategy should be used to create the largest number on avevdhat’about the three digit version
of the game?

A strategy in this game is merely a rule for deciding whether the first roll shoaitdhe “tens” digit or
the “ones” digit. If the first roll is a 6, then it must go in the “tens” digit, and $ @& 1, then it must go in
the “ones” digit. This leaves us with what to do with 2,3,4 and 5. If the firstisdl] then using it as the
“ones” digit results in an expected numbergoflo + b. Using it as the “tens” digit results in an expected
number ofl0b + % So, when isl0b + % > % <10+ b? Whenb > 4. Thus, if the first roll is 4, 5 or 6, the
player should use it for the “tens” digit. With this strategy, the expected \ailttee number is

1
6(63.5 +53.5 4+ 43.5 4+ 38 4+ 37 4 36) = 45.25.

In the three-digit version of the game, once we have decided what to deheifirst roll, we’ll be done,
since we will then be in the two-digit case which we solved above. Note thisviewddy true if we
place the first roll in the “hundreds” digit. If we place the first roll in thené&s” digit, then the strategy to
maximize the resulting number is the same as the two-digit case, simply multiplied bypadaten. If
we place the first roll in the “tens” digit, then our strategy is to put the ndkbrio the “hundreds” digit
if

1000 + 3.5 > 350 + b

i.e., if b > 4. Thus we have the same strategy in all three cases: put the second rellangést digit if
it is at least 4.

Now, if the first roll, b, is placed in the “hundreds” digit, then the expected value will @& + 45.25.
If the first roll is placed in the “ones” digit, then the expected value wilkb2.5 + b. If the first roll is
places in the “tens” digit, then the expected value will be

10b 4 (351 + 352 + 353 + 403.5 + 503.5 + 603.5) /6 = 427.75 + 10b.
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Our strategy thus comes down to maximizing the quantiti®$ + 45.25,427.75 + 10b, and452.5 + b.
From the graph below, we see tHa0Db + 45.25 is the largest wheh > 5; 427.75 + 10b is largest when

3 < b<4,and452.5 + b is largest whem < 3. Thus our strategy for the first roll is this: if it is at least
5, put it in the “hundreds” digit; if it is 3 or 4, put it in the “tens” digit; othengigout it in the ones digit.
If the second roll is 4, 5, or 6, place it in the largest available digit.

500

450 E

400

350

300 |

250 p

200

L
2 25 3 35 4 45

The expected value using this strategy is thus

(645.25 + 545.25 + (40 + 427.75) + (30 + 427.75) + (452.5 + 2) + (452.5 4 1))/6 = 504.
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Chapter 4

Problemsfor thefuture

Here are some problems that | intend to add to this collection some time in the fususepa as | get
around to writing decent solutions.

1.
2.
3.

More Drop Dead: probability of getting zero? probability of any particuédue?
More Threes: probability of getting any particular score?

Law of Large Numbers related: What is the expected length of rolls aigdesdie needed until the
proportion of 2s (say) thrown is within some specified interval around d.,(1/6 — 0.01 < r <
1/640.017?

. What is the expected length of rolls of two die needed until all sums haeaagd?
. Adieis rolled until a run of six distinct faces appears. What is the égdawmber of rolls?

. Ifadieisrolled 100 times (say), what is the probability that all six sides bapeared at least once? If a

die is rolled 100 times (say), what is the probability that there is a run of 6 #salsix possible faces?
What about a run of 10 with all six faces at least once?

. A die is rolled repeatedly and summed. What is the expected number ofmtllghe sum is:

(a) aprime? Experimentally it appears to be around 2.432211 (one million.trials)
(b) asquare? Experimentally it appears to be about 7.08.

(c) apower of 2?2 Hmmmm...

(d) a multiple of n? It appears to be n.

. For every composite, there appear to pairs of "weird” dice withsides (i.e. a pair of dice not numbered

in the usual way with sum probabilities equal to the standard dice). ProveRbismanyn, there are
many such pairs. Give useful bounds on the number of such pairs in ¢émnms

Forn = 4k + 2, it appears that the dice
{1,2,2,3,3, ..., 2k+3,2k+3,2k+4},{1,3,5, ..., 2k+1, 2k+2, 2k+3, ...,n—1,n,n+2, n+4, ..., 6k+2}

do the trick.
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Appendix A

Dice sum probabilities

Sums of 2, 6-Sided Dice

Sum

Probability

1/36

2/36 =1/18

3/36 =1/12

4/36 =1/9

5/36

6/36 = 1/6

5/36

4/36 =1/9

3/36 =1/12

2/36 =1/18

1/36

Sumsof 3, 6-Sided Dice

Sum  Probability

3 1/216

4 3/216 = 1/72

5 6/216 = 1/36

6 10/216 = 5/108
7 15/216 =5/72
8 21/216 =7/72
9 25/216

10 27/216 = 1/8
11 27/216 =1/8
12 25/216

13 21/216 =7/72
14 15/216 =5/72
15 10/216 = 5/108
16 6/216 = 1/36
17 3/216 =1/72
18 1/216 = 1/216
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Appendix B

Handy Series Formulas

For|r| < 1,
iar" = lir (B.1)
n=0
For|r| <1,
i ar’ = w%ﬂ:ﬂ) (B.2)
n=0
For|r| < 1, N
r
n;m“" = TE=E (B.3)
For|r| <1,
XN: o= " (1- 7“1\7(1(1_—:“)]2\7 —Nr)) (B.4)
n=1
For|r| < 1,
i(n + k)" = W (B.5)
n=1

44



Appendix C

Dice Sums and Polynomials

Very often in mathematics a good choice of notation can takea/long way. An example of this is the following
method for representing sums of dice. Suppose we havesatled die, with side$, 2, ..., n that appear with probability
1, P2, ..., Pn, FESpectively. Then, if we roll the die twice and add the twitst the probability that the sum isis given

by
n n—k
ijpk-—j = Z DjDk—j (C.1)
j=1

j=k—1

if we sayp;, =0if i < 1o0ri > n.
Now consider the following polynomial:

P=pix+pa®+ -+ pua” (C.2)
If we squareP, we get
P? = ayz® + azz® + - - + agnr®” (C.3)
whereay, for k=2, 3,...2n, is given by
n—Fk
ar =Y PiPr—j- (C.4)
j=k—1

In other words, the probability of rolling the sum bfis the same as the coefficient ©f in the polynomial given by
squaring the polynomiaP.
Here’s an example. Suppose we consider a startidarded die. Then

1 1 1 1 1 . 1

and so

2 N 223 N 3zt N 4z° N 5 0 N 627 N 528 N 429 N 310 N 211 N 212 (C.6)
6 36 36 36 36 36 36 36 36 36 36 '

2 3 A g5 56 T 5g8 49 g0 gl 12

T T S L A A T c7
36 + 18 + 12 + 9 + 36 * 6 * 36 * 9 * 12 + 18 * 36 ( )

‘ 8

8 W

And so, we see that the probability of rolling a sum of 9, fatance, id /9.
For two different dice the method is the same. For instaffieee iroll a4-sided die, and é-sided die, and sum them,
the probability that the sum is equal kds give by the coefficient or* in the polynomial

LA N N N L L (C.8)
1T )66 "6 T "6 TG '

which, when expanded, is

5172 I,CS IE4 1.5 1.6 $7 $8 £C9 iClO

ﬂ+ﬁ+§+€+€+f+§+ﬁ+ﬂ' (Cg)
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Notice that this can be written as

1
21 ($2 + 223 4321 +42° +44° +4m7+3x8+2x9+x10) (C.10)

In general, a fain-sided die can be represented by the polynomial
1
,($+x2+x3+...+x") (C.11)
n
With this notation, many questions about dice sums can Insfowamed into equivalent questions about polynomials.
For instance, asking whether or not there exist other pauie that give the same sum probabilities as a pair of stahda
dice is the same as asking: in what ways can the polynomial
(x+2?+2°+2* + .. 42?2

be factored into two polynomials (with certain conditiomstbhe degrees and coefficients of those polynomials)?
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Appendix D

Markov Chain Facts

A Markov chainis a mathematical model for describing a process that mavassequence of steps through a set
of states. A finite Markov chain has a finite number of stafes, s, . .., s, }. When the process is in staig there is
a probabilityp;; that the process will next be in state. The matrixP = (p;;) is called thetransition matrixfor the
Markov chain. Note that the rows of the matrix sum to 1.

Theij-th entry of P¥ (i.e. thek-th power of the matrixP) gives the probability of the process moving from state
statej in exactlyk steps.

An absorbing statés one which the process can never leave once it is enteredbgorbing chairis a chain which
has at least one absorbing state, and starting in any st#te ahain, it is possible to move to an absorbing state. In an
absorbing chain, the process will eventually end up in aorisg state.

Let P be the transition matrix of an absorbing chain. By renunmgethe states, we can always rearradgéto
canonical form

J 0
P=
R | Q

whereJ is an identity matrix (withl’s on the diagonal and’s elsewhere) and is a matrix of all zeros(@ and R are
non-negative matrices that arise from the transition podiba@s between non-absorbing states.

The seriesV = I+ Q+Q*+Q3+. .. converges, and/ = (I —Q)~!. The matrix)V gives us important information
about the chain, as the following theorem shows.

Theorem 1 Let P be the transition matrix for an absorbing chain in canonit@m. LetN = (I — Q)~!. Then:
e Theij-th entry of N is the expected number of times that the chain will be in statiéer starting in state.
e The sum of thé-th row of N gives the mean number of steps until absorbtion when the chatarted in state.
e Theij-th entry of the matrixB = N R is the probability that, after starting in non-absorbing## i, the process

will end up in absorbing statg.

An ergodicchain is one in which it is possible to move from any state tp@ther state (though not necessarily in a
single step).

A regular chain is one for which some power of its transition matrix haszero entries. A regular chain is therefore
ergodic, though not all ergodic chains are regular.

Theorem 2 SupposeP is the transition matrix of an ergodic chain. Then there exésmatrixA such that

_ P+P?4P34...4 Pk
lim =
k—o0 k

A

For regular chains,
lim P* = A.

k—oc0
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The matrixA has each row the same vector (a1, as, . .., a,). One way to interpret this is to say that the long-term
probability of finding the process in stateloes not depend on the initial state of the process.
The components, , as, . . ., a, are all positive. The vecta is the unique vector such that

ap+ax+---+a, =1

and
aP=a
For this reasoma is sometimes called tHéxed point probability vector
The following theorem is sometimes called fiiean First Passage Theorem

Theorem 3 Suppose we have a regular Markov chain, with transition irat. Let E = (e;;) be a matrix where, for
i # j, e;; is the expected number of steps before the process enteeg $ta the first time after starting in statg and
e;; 1S the expected number of steps before the chain re-entgesisThen

E=(I-2Z+JZ"\D

whereZ = (I — P — A~} A = klim P*, 7' is the diagonal matrix whose diagonal entries are the samg ,a is the
—00
matrix of all 1's, andD is a diagonal matrix withD;; = 1/A;;.
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Appendix E

Linear Recurrence Relations

Here’s a useful theorem:
Theorem 1 Consider the linear recurrence relation
Ty = A1 Tp—1 + Q2Tp—2 + -+ - + ay. (E.1)
If the polynomial equation (known as the characteristicapn of the recurrence relation)

1 2 o —ap=0 (E.2)

" — a1 — agx””
hask distinct rootsry, ...r,, then the recurrence relation E.1 has as a general solution
Tp =177 + Cory + -+ Ty (E.3)

Proof: We can prove this with a bit of linear algebra, but we’ll dottkame other time.
Example: May as well do the old classic. The Fibonacci numbers are el tiry

fo=1 =1 andf, = fn_1+ fu_oforn > 1.

The characteristic equation is
P —x—-1=0

which has roots

7’1:1+\/5and7"2:1_\/5.
2 2
So " N
2 2
for constantsd andB. Since
fo=1=A+B

and

f1:1:A+B+§(A—B)

we conclude that

A= ﬂ andB = L\/g
2v/5 2V/5
so that
f B (1 + \/g)n+1 - (1 o \/5)7L+1
Jn — 2n+1\/§ .
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Appendix F

Drop Dead Simulation Data

In 107 simulated games of Drop Dead, the following frequenciesofes were achieved.

score )

number of games with score

number of games with score n

©oo~NOYULh WNEO

2044719
212885
69266
226785
353402
180453
338023
335320
220094
258632
321143
233060
259303
257301
240123
225187
241364
223916
211570
208928
199351
184160
179823
170278
158398
150177
144061
133669
126951
120721
112686
107082
101481
95625
90543
85022
80163

50

2044719
2257604
2326870
2553655
2907057
3087510
3425533
3760853
3980947
4239579
4560722
4793782
5053085
5310386
5550509
5775696
6017060
6240976
6452546
6661474
6860825
7044985
7224808
7395086
7553484
7703661
7847722
7981391
8108342
8229063
8341749
8448831
8550312
8645937
8736480
8821502
8901665
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37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91

74323
70833
66156
61407
57766
53754
50170
47367
44263
41087
38652
35709
32950
31230
28709
26898
25022
23160
21400
19890
18385
17360
16018
14872
13627
12830
11798
10968
10345
9332
8584
8028
7478
6846
6220
5928
5411
5091
4660
4263
3796
3750
3401
3077
2940
2674
2455
2174
2087
2019
1701
1650
1504
1334
1234
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8975988
9046821
9112977
9174384
9232150
9285904
9336074
9383441
9427704
9468791
9507443
9543152
9576102
9607332
9636041
9662939
9687961
9711121
9732521
9752411
9770796
9788156
9804174
9819046
9832673
9845503
9857301
9868269
9878614
9887946
9896530
9904558
9912036
9918882
9925102
9931030
9936441
9941532
9946192
9950455
9954251
9958001
9961402
9964479
9967419
9970093
9972548
9974722
9976809
9978828
9980529
9982179
9983683
9985017
9986251
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92

93

94

95

96

97

98

99

100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146

1149
1056
975
845
817
772
676
615
583
539
501
460
395
354
326
318
285
247
223
225
194
160
175
148
140
119
138
105
99
96
105
64
75
54
54
65
52
48
45
28
32
33
37
27
27
34
12
23
21
12
17
12
13
14
15

52

9987400
9988456
9989431
9990276
9991093
9991865
9992541
9993156
9993739
9994278
9994779
9995239
9995634
9995988
9996314
9996632
9996917
9997164
9997387
9997612
9997806
9997966
9998141
9998289
9998429
9998548
9998686
9998791
9998890
9998986
9999091
9999155
9999230
9999284
9999338
9999403
9999455
9999503
9999548
9999576
9999608
9999641
9999678
9999705
9999732
9999766
9999778
9999801
9999822
9999834
9999851
9999863
9999876
9999890
9999905
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147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
170
172
174
175
177
178
181
192

w
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53

9999910
9999923
9999929
9999934
9999941
9999946
9999954
9999957
9999959
9999966
9999967
9999969
9999970
9999972
9999973
9999975
9999978
9999981
9999983
9999987
9999989
9999991
9999992
9999994
9999995
9999997
9999998
9999999
1000000
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